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Abstract 

We show how to find a Grushko decomposition of a finitely presented 
group, given a solution to its word problem. 

1 Introduction 

Given a finitely generated group G it is possible to represent it as a fi'ee 
product 

G = f/i * . . . * Hfe * 

where all the Hi are freely indecomposable and F„ is a free group of rank 
n. Such a decomposition is called a Grushko decomposition and it is 
universal in the sense that for any other such free decomposition 

G — K\ * . . . * Ki * Fm 

we must have that k = l,m — n and that each Ki is conjugate in G to a 
unique Hj. 

The aim of this paper is to prove the following theorem: 

Theorem 1.1. Given a group presentation G — {X \ R) and a solution 
to the word problem in this presentation there is an algorithm that decides 
if G admits a free decomposition 

G^G' * G" 

and if so, produces presentations for the factors G' , G" and gives explicit 
injections 

G' ^G^ G" 

By induction this yields: 

Corollary 1.2. Given a group presentation G = {X \ R) and a solution to 
the word problem in this presentation, there is an algorithm that produces 
a Grushko decomposition of G. 



In a sense this is the strongest resuh possible: the restrictions on the 
input are as minimal as can be reasonably expected. This result also 
extends all previously known results, which we now briefly survey. 

Diao and Feighn in |DF05) showed how to find a Grushko decom- 
position of a fundamental group of a graph of free groups. Their tech- 
niques rely on Whitehead methods refined by Gersten and group actions 
on square complexes. Kharlampovich and Miasnokov in [KMOSbj showed 
how to find a Grushko decomposition of a fully residually free group by 
running their Elimination Process: the free decomposition becomes ap- 
parent by "separating the variables" in the defining equations. Finally, 
Dahmani and Groves in [DG08j extended the previous result to the class 
of toral relatively hyperbolic groups by generalizing an unpublished al- 
gorithm for hyperbolic groups due to Gerasimov. Their approach was 
to decide some connectivity criterion of the boundary of toral relatively 
hyperbolic groups. 

Our approach is to give an algorithm that decides whether or not it 
is possible to draw a pattern in the canonical cell complex correspond- 
ing to our group presentation which represents a nontrivial free splitting. 
Patterns (or tracks) were first used Dunwoody in |Dun85) , and are very 
useful tools to study the actions of finitely presented groups on trees. 

To decide if such a pattern exists we will use a variant of the Elimina- 
tion Process, an algorithm invented by Razborov and refined by Kharlam- 
povich and Myasnikov that was originally designed to describe solutions 
of equations into a free group. Aside from the algorithm itself, which is 
quite involved, we only use Bass-Serre theory and basic topology of cell 
complexes. 
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2 Preliminaries 

Let {X I i?) be a finite presentation of a group G. Let (^, xo) be the 
canonical based polygonal 2-complex associated to {X \ R). We identify 

2.1 Patterns, tracks, splittings 

These next notions are taken from |DS99| 

Definition 2.1. Let X be a 2 complex. A pattern P C X is an embedded 
1-complex such that for every 2-cell D C X, P n D is a (possibly empty) 
collection of closed arcs, the endpoints of these arcs do not coincide with 
0-cells of X, and the interiors of these arcs lie in the interior of D. 
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Definition 2.2. A connected component of a pattern is called a track. If a 
track has a regular neighbourhood t C N(t) C X such that N{t) ~ t x [0, 1] 
then it is called two-sided. 

Definition 2.3. Lot Y d Xhc a topological subspaco. The inclusion map 
i -.Y G X induces a homomorphism if : vri(F) t^\{X) of fundamental 
groups which is well defined up to conjugacy . Given a basepoint a::o of 
X and 7ri(X, a-o), we will denote by Gp{Y) a subgroup of 7ri(X, xo) that 
lies in the conjugacy class of itj(7ri(C)). We will also call this the subgroup 
induced by Y 

Proposition 2.4. For a two sided track t contained in a 2 complex X, 
the union 

X = {X - ■mt(N{t})) U N{t) 

induces a one edged splitting of -ki{X,xo) whose edge group is conjugate 
to Gp{t). 

Proof. By definition of a track we may identify N(t) with t x [—1,1]. 
Now, adding countably many 2-cells to N{t) and X — (t x (—1, 1)) so as 
to ensure 7ri-injectivity of 

X-{tx (-1,1)) CXDtx [-1,1] 

we get, via the attaching maps t x {1} ^ X — (t x (— 1, 1)) and tx{—l} ^ 
X — (t X (—1, 1)) a decomposition of 7ri(X, xo) as the fundamental group 
of a graph of spaces with edge group conjugate to Gp(t). □ 

2.2 Resolutions 

Suppose we have a group G = 7ri('^, xo) that on a tree real tree T, then we 

can construct a map (j> : {'^,'xo) —f T that is G-equivariant, i.e. for y 
g * (j>(y) = 4>[g * y) where G acts on {'^ ,oco) by Deck transformations. 
We describe the construction. We assume that G acts transitively on the 
vertices of X. We proceed as follows: 

1. First map xo to some to € T and extend this map to X^ by defining 

(j){g * Xo) .= 9* to 

2. There is a correspondence between the vertices of and G, and at 
each vertex each adjacent edge corresponds to one of the generators 
gf^, . . . , gtn^ . We then extend the map </> to by linearly mapping 
the edge e from v to gf^v (which is homeomorphic to [0, 1]) to the 
segment [<j>{v),<i>{gf^v)] C (T). 

3. We finally extend 4> to all of 'rf . For a 2-ccll D whose boundary is 
consists of the edges ei, . . . , Cn, we consider the regular Euclidean 
n— gon E(£)), the natural homeomorphism D ~ E(D) gives D a 
Euclidean structure. We have that (j> is defined on d{D). For any 
points M, 17 £ d{D) such that (j>{u) = <j){v) we map the points in D 
that lie on the line segment [u, v] to (t)(u) = (^(u). Any point y in D 
that does not lie in in such a line segment lies inside a fe-gon D' <Z D 
that is bounded by lines /i, . . . that are sent to some point t € T 
via (j), we define 4>{y) = t. 
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Definition 2.5. The map we described is called a resolution 

The following is proved in Lemmas 2.1 and 2.2 of |DS99] . 

Proposition 2.6. Suppose a group G — ni('ta,XQ) acts on a simplicial 
tree T without edge inversions, then we can obtain a pattern P <'ta whose 
tracks Ti are two sided called a resolving pattern. Each lift of a track Ti 
in the universal cover separates into two components. The dual graph 
of the lifts of P in ^ IS a also a G—tree T' and we have a G~eqmvanant 
morphism of trees T' ^ T . 

sketch. We give a sketch of the first claim. The reader can fill in the 
details by considering the construction of cj> more closely. Let (j) be the 
resolution and consider the preimage of (G—equi variant) edge midpoints. 
We see that this preimage is a subgraph of moreover this maps to a 
1-subcomplex P < X via the quotient map GYif = Because the 

action of G on T was without edge inversions, we see that P has two sided 
tracks. 

The rest is proved in Theorem Section 2 of [DS99] . □ 

Definition 2.7. Let be a cell complex and let P C be a two sided 
pattern. We denote by T{P, the dual graph of the lifts of P in . This 
is the tree given in Proposition 12.61 

It is important to note that the induced subgroups of resolving pat- 
terns are always finitely generated. Therefore, given an action of G on a 
simplicial tree T, we can think of a resolving pattern and the dual tree 
T' as an approximation of the action of G on T such that edge stabilizers 
are finitely generated. 

Definition 2.8. A track t is essential if both components of the comple- 
ment of — t, a lift of t, contain points arbitrarily far from t. 

We have the following characterization of such tracks: 

Lemma 2.9. Let t be a non-essential track. Then the splitting of G 
given in Proposition \2.4\ Will be of the form 

G = A*cC 

Proof. If G splits as an HNN, the track t cannot be non-essential. Oth- 
erwise G splits as an amalgam 

G = A*bC 

w.l.o.g. we may assume A B ^ [A : B] > 1. Considering the Bass- 
Serre T as a topological quotient of the universal cover gives us that t is 
nonessential if and only if [G : B] = 1. □ 

Topologically, we have: 

Lemma 2.10 (Lemma 2.3 of [DS99) ). Suppose P is a pattern of so 
that the quotient in represents a splitting and has a minimal number of 
components. Then every track in P is essential. 

We now have this critical fact: 
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Figure 1: An edge midpoint and its book neighbourhood, with train tracks 

Theorem 2.11. A group G = niCtfjXo) is freely decomposable if and 
only if there exists an essential track t G'^ such that Gp(t) = 1. 

Proof. Suppose such a track existed then Proposition 12. 4| gives the desired 
splitting. Conversely, if G is freely decomposable, then it acts on its Bass- 
Serre tree T and Proposition 12.61 gives us a resolution of this action that 
contains a track with the desired property. □ 

2.3 TTi-train tracks 

A pattern in a cell complex is the generalization of a multicurve in a 
surface. We therefore borrow some machinery. We introduce measured 
TTi -train tracks, which are weighted subgraphs of that in a sense enable 
us to "compress" a pattern P. 

Definition 2.12. For the midpoint x of each 1-cell e in , there is an 
open neighbourhood that is homeomorphic to the identification space 



where each Pi is a copy of [0, 1) x (0, 1) and ~ corresponds to gluing the 
Pi together along the line {0} x (0, 1). is called the book neighbourhood 
of X and the interiors of the Pi C B^ are called pages. (See Figure [T]) 

Definition 2.13. A -Ki-train track f is a graph embedded in such that: 

• Each vertex of t coincides with the midpoint of a 1-cell of 

• For each 1-cell midpoint x that coincides with a vertex of t, for each 
page Pi of B^, tnPij^d). 

Definition 2.14. An N- measured 7ri-train track is a train track t such 
that each edge e has a measure m(e) G N. Moreover these measures must 
satisfy the page condition: for each 1-cell midpoint x, for any two pages 
page Pi, Pj of Bx we must have an equality: 



where {ca \ a £ Ai} and {e^ \ (3 £ Aj} are the edges of t that intersect 
Pi and Pj respectively. 

The terminology is motivated by the fact that this construction gives 
exactly the yri-train tracks defined in [BS88j . We moreover wish to point 
out that the page condition is an analogue of the switch condition that is 
appropriate when is not a surface. We finally note that this definition 



(ur=iP,)/ 
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Figure 2: Going from tti -train tracks to patterns 

X X 




Figure 3: A train track in BS {1,2) 

includes the possibility that some book neighbourhood of some x has only 
one page, in which case the page condition vacuously holds at x. We now 
have "Dehn coordinates" for patterns; 

Proposition 2.15. Each pattern P fZ ^ (not necessarily two-sided) on 
'ta gives rise to a N-measured ni-train track t (Z^ , conversely every N- 
measured ivi-train track t C gives a pattern P . 

Proof. The definition of a pattern, implies that is embedded in some sort 
of "normal position". Consider the correspondence given in Figure[2] The 
definition of a pattern implies that the page condition must be satisfied, 
the converse must hold as well. We see that a vri-train track defines a 
pattern that is unique up to isotopy of ^ that '^^^^ invariant. □ 

Definition 2.16. An unmeasured vri-train track is said to be formally 
consistent if we can assign measures, which are not all zero, to the edges 
that satisfy the page condition. 

We now give an example of a formally inconsistent train track. 

Example 2.17. Let ^ be the cell complex for the group BS{1,2) = 
{x,t I t~^xt — x^). Consider the following vri-train track given in Figure 

El 

By the page condition we have the equality 

m(ei) + m(e2) — m(ei) — m(e2) 

which only has the zero solution over R. This is expected because two 
conjugate elements must have the same translation length, so in particular 
a hyperbolic element cannot be conjugate to its square. 
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What is great about 7ri-train tracks is that they turn the seemingly 
intractable space of patterns (modulo isotopies of the ambient cell complex 
which fix the 0-skeleton and map the 1-skeleton into itself), which in 
turn encodes essential information about all actions of our group on on 
simplicial trees, into a finite union of linear subsets of N'' where d is easily 
computed from the vri-train track. 

2.4 Band Complexes 

Band complexes are 2-complexes with added structure. Our definition 
will very much resemble the construction given in [BF95j . For purposes, 
however, we shall be considering unmeasured band complexes which be- 
cause of all the combinatorial data we want to keep track of will have 
some added features. Following [BF95) we have. 

Definition 2.18. A band B is a product Jb x [0, 1] where Js C R is 
a closed interval. We call the subspaces Jb x {0} and Jb x {1} bases. 
For some base fj, = Jb x {s}, where s = 0, 1, we denote by Jl the base 
Js X {1 — s}. Jl is called the dual of /i. A vertical subset of a band is a 
subset of the form {z} x [0, 1]. For a base /i we will denote the band that 
contains it B^. 

We will usually denote bases by Greek letters ^ and A. 

Definition 2.19. A union of bands Y consists of a graph (i.e. a 1- 
complex) r with bands Bi, . . . , Bn attached to F via embeddings 

^l ^ int{r - r°) 

i.e. bases are sent to the interiors of edges. 

Definition 2.20. A band complex ^ is a 2-complex obtained by taking 
a band complex Y , and attaching 2-cells Di, . . . Dm via immersions 

L, -dD.^Y 

such that for each band B <ZY we have Li{dDi) n B is a disjoint union of 
vertical subsets 

Convention 2.21. Although a band complex is just a normal 2-complex: 
the bands are essentially 2-cells, we will always distinguish between "nor- 
mal" 2-cells and bands. In particular a band will never be referred to as 
a 2-cell. 

The following are definitions motivated by generalized equations. Gen- 
eralized equations were constructed by Makanin in ,Mak82j and were the 
main objects used in his proof of decidability of the existential theory of 
free groups. We refer the reader, for example, to Section 4 of [KM05a] for 
definitions of generalized equation. 

Definition 2.22. Let ^ be a band complex with union of bands Y G'ff. 
Let r C y be as in Definition EHU We denote 

/C^) = ( y m) c r 

bases int{fj.) 
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In general /(^) is not connected, we can embed /('^) into R via a contin- 
uous map i : —f R such that the number of connected components of 
the closure of is the same as the number of connected components 

of We denote the convex hull of the image (7(^),i) and call it the 

interval associated to the band complex 'ia. 

When denoting such intervals, we will usually not express i explicitly. 
As observed in [BF95I IGLP94] the bands define partial homeomorphisms 
of R. Each band B induces two maps: one sending i{int{fi)) to i(int{jl)) 
and its inverse. We denote this map : i{int{^)) — > i{int{jl)) and we 
have 

^(i((z,s)))=i((^,l-s)) 

where s = 0, 1 and B = {{z,t) \ z G Js^t £ [0, 1]}. We moreover point 
out that extends to a homeomorphism : R R. For each base [i, 
let 61,62 be its endpoints. We denote 

ci(^) = inf{i(a::) | x £ int(/i)}, /3(/i) = sup{i(a;) | x G 

The reason for this rather contrived definition is because two distinct 
closed sections (defined later) may have common endpoints. 

Definition 2.23. We say that a band B or a pair of bases (/i,/!) is 
orientation reversing if the homeomorphism : R — > R is orientation 
reversing. 

The terminology of the next two definitions comes from their analogues 
in generalized equations. 

Definition 2.24. Let li : dDi ^ Y be a 2-cell attaching map. We 
have that Li{dDi) contains a segments ci, . . .Ck{i) consisting of maximal 
connected subsets of 

y (Bnt,(9A)) 

bands B 

that lie inside some band. We call these Ci 2-cell induced boundary con- 
nections, we moreover have a relation x y where x,y £ are the 
endpoints of d. More generally, a boundary connection will be a marked 
maximal vertical subset S G B, inducing a relation x y, where x,y 
are endpoints of S. 

Convention 2.25. We will also consider the edges of bands to be bound- 
ary connections. 

Definition 2.26. We call the set of points {x\, . . . ,Xm+\} C /(^) cor- 
responding endpoints of bases p as well as endpoints of boundary con- 
nections boundaries. We will call the subintervals hi,...,hm C /('^) 
corresponding to the closures of the connected components of — 
{xi, . . . , Xm+i} items. 

As a convention the subscripts for boundaries and items are ordered 
w.r.t. the induced order on /('^), so that we have 

hi = [xi, Xi+i] 

We call a band complex Y with the additional structure of having bound- 
ary connections and items an unmeasured band complex, although we will 
usually simply call it a band complex. 
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Figure 4: How to get a measured band complex from a TTi-train track 

Definition 2.27. An K-measured band complex is a band complex equipped 
with a "measure function" | \m '■ {hi, . . . , hr} — > N on its items, where N 
is an abelian group. This this function extends to intervals [xi, xj] < 
where i < j hy setting |[2:i,a;j]|m = \hi\m + . . . + \hj-\\m- We moreover 
require the following linear equations to hold: 

(a) |[a;i,a;j]|m = |[a:fe,a;i]|m where the intervals [xi,Xj], [xfc, a;;], correspond 
to the images of bases ^, Jl respectively. 

(b) |[2;i,a;j]|m ~ \[xk,xi]\m, where Xi Xj and Xk 7^ xi and there are 
boundary connections connecting Xi,Xj to Xk,xi either respectively 
or inversely. 

Definition 2.28. An unmeasured band complex ^ is said to be formally 
consistent if it satisfies the following: 

(a) If is orientation reversing then fiClJl — ^. 

(b) admits an N-measure. 

2.4.1 Correspondences 

Looking at Figure |4] we see that given a track t C then ^ can be 
realized as a corresponding Z-measured band complex. Moreover Figure 
\S\ gives us a convention on how to embed a pattern into a Z measured 
band complex (it is easy to see that the embedded object satisfies the 
axioms of a pattern). 

Definition 2.29. We call the pattern given above the standard embedded 
pattern or a measure m. For a measure m on we denote the standard 
embedded pattern Pm 

3 The elimination process on band com- 
plexes 

The elimination process is a term coined by Kharlampovich and Myas- 
nikov for their modification of Razborov's algorithm, in analogy to elimi- 
nation theory in commutative algebra. 

Although what we will do here more closely resembles Makanin's algo- 
rithm in that we simply wish to establish whether there exists an essential 
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Figure 5: The standard embedded pattern in a Z- measured band complex 



TTi-trivial track, the term still seems appropriate in that we will in a sense 
be considering all possible combinatorial possibilities and discarding in- 
appropriate situations. 

The elimination process, takes an unmeasured band complex and out- 
puts an arborescence r('^) of band complexes (see Section [3.31 ) We are 
searching for free splittings of G, which means that we are searching for 
patterns with tti— trivial tracks. Our main result. Theorem 11.11 follows 
from the fact that the leaves of T[^) are band complexes '^i such that 
there are no remaining bands but from which we can easily read off a free 
decomposition. We will therefore prove the following theorem: 

Theorem 3.1. Let G — {X \ R) — ■k-i[^,xo) and suppose there is a 
known solution to the word problem for {X \ R). Then it is possible to 
effectively construct a finite tree To{'^) C T{'if) with the property that if 
there exists an essential track t d ^ with Gp{t) — {1}, then there is a 
branch in To(f^) that enables us to effectively construct an essential track 
t' C'W such that Gp{t') = {1}. 

In particular, if G is not freely decomposable, then this will be visible 
from the finite and algorithmically constructible To(^). 

3.1 Complexities of Band complexes 

Definition 3.2. Let D be a 2-cell of attached via the immersion 

there are k{D) segments ci, . . . , Cfej^j) given as in Definition 12.241 We call 
the segments si, . . . , Sj.(£)) C dD that map onto the d vertical sections. 
We call k{D) the vertical length of D. 

Definition 3.3. Let 



and let Sa;ce £ A be the connected components of S. Let be the 
closure of Sa then aa is called a section. We note that /('^) is the union 
of its sections. A connected union of items is called a closed section 

Definition 3.4. For a section a C IC^) we define the complexity of a: 




bases ^ 



max(( the number of bases inside a) — 2, 0) 
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and for we define the complexity of 

a — sections 

For some union of section J C we denote 

r(J) = ^n(a) 

For an item h C /(^) we define: 

7(/i) = {/J, £ Bases \ jj. Z) h} 

finally we define the total complexity of a band complex to be the sum 
of the number of items, the number of bases, the number of boundary 
connections, and the vertical lengths of all the 2-cells. 

3.2 Definitions of the moves: where the fun be- 
gins. . . 

We refer the reader to [BF95] for pictures and insight. We will be follow- 
ing [KM05a) Section 5 for the definitions. Recall that we are looking at 
unmeasured band complexes in the hope of finding a 7ri-trivial track. All 
of these moves preserve the fundamental group of 

Definition 3.5. A 2-cell D has a free face if a point on the image of 
its boundary has a neighbourhood homeomorphic to {{x, y) £ | a; > 0}. 
A 2-cell is a balloon if its boundary is mapped to a point. 

This lemma is obvious: 

Lemma 3.6. // a 2-cell D <Z^ has a free face or is a balloon, then it can 
be removed from ^ without changing the fundamental group. 

Definition 3.7. A 2-cell D is said to be collapsable if the attaching map 
L : dD ~* ^ is a, homeomorphism. 

This lemma will be useful for dealing with bigons. 

Lemma 3.8. If the boundary of a collapsable cell is the union of two arcs 
a, /3 then we can change ^£ by collapsing D so that a and (3 are identified, 
and the fundamental group is invariant. 

Definition 3.9. We always assume that the band complex is formally 
consistent. We have the following five elementary transformations: 

• ETl: Cutting a base: Let Ci C -B be a boundary connection in a 
band. We cut B along Ci and glue in a disc (a bigon.) The resulting 
band complex has two more bases. 

• ET2: Transfer a base: Let /x, A be bases with /j. Z) X, suppose 
moreover that for each boundary in Xi in A there is a boundary 
connection d in Bfj, connecting Xi to some Zi £ JI. Then we slide A 
inside fi along vertical subsets of Bf^ so that A now sits in /I, moreover 
2-cells attaching maps get "stretched" as in Figure]^ 
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• ET3: Remove a pair of matched bases: Suppose we have the 
bases /i, JI coincide. Then the band is an annulus. By taking a 
loop in we can check of Gp{Bfi) < Z is trivial. If so we fill in 
this annulus with a cylinder x /i and collapse the cylinder onto 
p. This will change 2-cell attaching maps that went through B^. 
We remove any balloons that might be formed. The result is a band 
complex with fewer bases. If Gp(i3^) 7^ {1} then we say that is 
unsuitable. 

• ET4: Remove a lonely base: Suppose that some base /x's interior 
doesn't intersect any other bases, then we collapse onto Jl, we 
modify 2-cell attaching maps as follows: if a segment of a 2-cell 
attaching map goes through the interior of B^ then we collapse that 
segment to a point; otherwise we collapse the interior of B^ but do 
not touch the 2-cell, if this gives a 2-cell with a free face we remove 
it. If the 2-cell is collapsable we collapse the arc that used to lie in 
B^ onto the other half and this modifies other 2-cell attaching maps. 
We also call this move collapsing B^ onto "Jl. 

• ET5: Introduce a boundary connection: Let x £ jj. and z £J1 

be points such that there is a line in that doesn't intersect any 
boundary connections in then we reparametrize Jb x [0, 1] — + B^ 
so that all previous boundary connections are vertical subsets and 
so that X and z now lie in the same vertical subset. We now make 
the boundary connection in B^ between x and z. If x £ fi and we 
created a boundary connection in B^ that contained x we will say 
that we fi-tied x 

• ET6: Add a hanging band: Create a new band B^ and attach 
/i inside the new interval will be /('^) VJJi. 

• ET7: Merge bands: Suppose we have bases ^, A that coincide and 
suppose moreover that the interior of /i doesn't touch the interior of 
any other bands. Then we transfer A through Bp (ET2) and remove 
the lonely base ^ (ET4). 

• ET8: Periodic Merger: See Definition 14.251 For now all that we 
need to know is that it decreases the r-complexity by 2. 

If the band complex is R-measured, then everything is rigid and there 
is only one possibility for move ET5. However, for a combinatorial band 
complex, ET5 can be seen as adding new variables or equations to the 
system of equations given in Definition 12.271 We need thts flexibility to be 
able to enumerate all possible patterns in ^. 

Although this fact should be more or less obvious, it seems worthwhile 
to state it precisely. 

Proposition 3.10. Let be a measured band complex obtained from 
afler applying an elementary transformation — > Then ■k\{'^') ~ 

TTiC^) and if P' C "to" , P C 'if are the standard embedded patterns (see 
Figure\^ then Gp(P) ^ Gp{P'). 

sketch. This is clearly the case for ETl, ET3, ET5, ET6. The main 
problem in defining the homomorphism between the fundamental groups 
of the band complexes lies in the fact that there is no obvious continuous 
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Figure 6: How 2-cell attaching maps get modified via ET2 




Figure 7; Three combinatoriaUy different possibihties for ET5. The grey points 
are existing boundaries, the hues are boundary connections and the dotted lines 
represent the boundary connections we wish to create. Note that we can always 
reparametrize so that the dotted lines are vertical 
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map between the two spaces. Let 7 be some based loop in {"if, xo) then, 
replacing 7 by a homotopic loop with same basepoint if necessary, we can 
arrange so that 7 only intersects bands in their bases or in vertical subsets 
and does not intersect the interior of the 2-cells. We say such a loop is 
in regular position. In which case, it is easy to see how we can "stretch" 
or "collapse" segments in 7 to get some loop 7' in ('^'jXg) (see Figure IS]) 
Call this map d. 

Similarly we can reverse the move and get a map from based loops 
in regular position lying in , call this map d' . Although d and d' are 
not inverses checking ET2,ET4, and ET7 it is easy to see that the curve 
7 C "i^" is homotopic to d' o ^(7) and similarly 7' C is homotopic to 
dod'{-f'). The advertised isomorphisms therefore follow. □ 

Lemma 3.11. If we have band complexes 

such that is otained from by an elementary transformation then any 
measure on '^2 induces a measure on '^i . Specifically the measure of each 
item in is given by a fixed positive linear combination of the measures 
of the items in ^2. In particular any measure on ^2 induces a measure 
on "^x. 

Proof. This follows by direct inspection of the elementary transformations 
ETI - ET7. When we present ET8 (see Lemma we will check this. 

□ 

3.3 The Process 

We now describe the process on band complexes, there are two main 
subprocesscs thinning and induction (these are Process 1 and Process 2 
of [BF95 respectively.) These processes are repetitions of two composite 
moves, which we now present: 

3.3.1 There is an item h such that ■j{h) = 1: the thinning 
move 

In this case we do a thinning move. First some definitions. 

Definition 3.12. Let /i be a base that contains an item h C fi such that 
7(/i) = 1 has a free segment. We say that ^ is: 

• free if its interior doesn't meet any other bases. 

• half-naked if n has an endpoint z such that there is an open neigh- 
bourhood N{z) C n such that N{z) — {z} doesn't meet any other 
base. A maximal such N{z) is called a collapsable segment. 

• splittable if it is neither free nor half naked. In such a case there 
is some z £ fi and a maximal w.r.t. inclusion open neighbourhood 
N{z) C that doesn't meet any other base, which we also call a 
collapsable segment. 

The thinning move will first consist of one of these possible collapses: 
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1. If there is a free base fi, then it is lonely and we apply ET4 to /U, i.e. 
we collapse the band onto Jl. 

2. If there is a half naked base fj, but no free bases, then wc /i— tie (ET5) 
the cndpoint of a collapsable segment, giving a boundary connection 
c. We cut c (ETl), giving bands B^i and B^//, one of which, say 
Bfj^i is free. We now collapse B^. 

3. If there are no half naked bases, nor free bases, then we pick some 
splittable base /i and take a collapsable segment N{z) C n- We li- 
tis the endpoints of N{z) (ET5) and cut B^ into three bands (ETl 

twice) and collapse the band containing the new free base. 

4. If we have matched bases we either remove them (ET4) , or we declare 
'W to be unsuitable and we stop. 

And then if a there is a resulting section a with n(cr) = 2 and cr = 

Ai — A2 then we merge the bands B\^ and Bx^. 

Lemma 3.13. A thinning move doesn't increase the complexity t{%'). 

Proof. Collapsing a free base decrease the number of bands and deletes a 
section, so the r complexity decreases. Collapsing a collapsable segment 
of a half naked base, doesn't change the number of more bases or the 
number of sections, and may increase the number of sections. 

If there are only splittable bases, then in particular no splittable base 
lies in a section a s.t. n(cr) > 3. Now collapsing the collapsable segment 
of n gives us at least two sections a' ,a" C cr, if there are more than two 
new sections we glue sections together and our estimate will give an upper 
bound. 

Since the total number of bands increases by 2 and the rmmber of 
sections increases by (at least) 1 and because n((j'), n(cr") > 0, this is 
like adding 2 and subtracting 2 from t(^), so the r complexity doesn't 
increase. □ 

3.3.2 For each item h we have 7(/i) > 2: the entire trans- 
formation 

Definition 3.14. We have an order < on /(^) induced by i : {^) — > M. 

A leading base is a base n such that a(/i) is minimal. A carrier base is a 
longest leading base. If /i is a carrier base then any other leading base A 

is a transfer base w.r.t, /i. 

The entire transformation is the following sequence of elementary 
transformations: 

1. Pick a carrier base /i. 

2. If applicable apply a periodic merger (ET8). 

3. For every transfer base A, we /^-tie all the boundaries in A (ET5) 
and then we transfer A to /Z (ET2). 

4. Once all the transfer bases have been transferred, we can cut ^ into 
two bases (ETl) such that n' is the maximal initial segment 
if n whose interior does not meet any other bases, n' is now lonely 
so we remove it (ET4). 
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5. If we have matched bases we either remove them (ET4) , or we declare 
^ to be unsuitable and we stop. 

We invite the reader to check this fact directly, or they can check 
[BF95] section 7 or [KM05a) Lemma 18: 

Lemma 3.15. Entire transformations don't increase the r-complexity. 

We can now define the two main subprocesses of the elimination pro- 
cess. 

Definition 3.16. A thinning process is a sequence of thinning moves 
^t, — > 'ffvi . applied to band complexes. An induction process is 

a sequence of entire transformations 'ifv — > 'ifvi — > . . . applied to band 
complex 

The term induction comes from the technique used in the study of 
interval exchange maps, see |Rau79l IVee82j . 

3.4 T(^) and reconstructing the pattern 

Having defined these two moves, we are in a position to define the di- 
rected rooted tree T{^). To each the vertex of T^^), except the root, we 
associate a band complexes: 

• To the root we assign the cell complex "if. 

• We new enumerate the finite collection ti, . . . ,t„ of formally con- 
sistent TTi-train tracks, the children of 'ff will be assigned to the 
corresponding unmeasured band complexes. 

• We construct the rest of the tree inductively by associating to each 
child of a V corresponding to a band complex ^„ one of the possible 
unmeasured band complexes that can be obtained from "^i, by either 
the applicable thinning move or entire transformation. 

• Unsuitable band complexes have no children. 

• We will also have leaves corresponding to band complexes without 
any bases left (they all got matched with their duals). 

Now we note that if we put a N-measure on a band complex (which 
could also be interpreted as an R- measure), whenever we apply (ET5) or 
(ET8) there is only one possibility. Moreover we note that now has 

a definite size, i.e. its Lebesgue measure, and applying entire transforma- 
tions or thinning moves decreases the measure of It follows that 
T(^) is just a branch, and if in fact had a N-measure then the process 
terminates. 

If we suitably modify ET3, consider arbitrary R measures and relax 
our consistency requirements we recover the celebrated Rips machine or, if 
we have a N-measure, we get "an orbit counting algorithm" as in [AHT06j . 
Given the relationship between patterns and N-measured band complexes 
we have the following lemma: 

Lemma 3.17. A pattern P such that Gp{P) = {1} induces a a finite se- 
quence of moves on a band complex such that any base is either eventually 
matched with its dual or the band that contains it is collapsed to an in- 
terval. This sequence of moves corresponds to a branch in T{'^) from the 
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root to a leaf. Conversely any such sequence of hand complexes ending in 
a suitable leaf enables one to produce a pattern P with Gp{P) = {1}. 

Proof. The part follows immediately from the previous discussion. 
So suppose we have a branch in T('^) of the form 

where '^v^ is a leaf, i.e. "^t,^ has no more bases. Then by definition of 
ET3, we have that 

where , are cell complexes and a is circle or line segment that inter- 
sects U in one or two points respectively, a may still be divided into 
n items. We give to one of these items measure 1, and the others measure 
0. Reversing ET3 or ET4, gives us a pair of with measure 1, moreover the 
standard embedded pattern Pm-i C '^u,„_i will satisfy Gp(Pm-i) = {!}. 
The critical observation is that if we have a a transformation — > 
and is measured, then there is a unique compatible measure on 'ff: 
the measures of the items in are given by specific linear combinations 
of the measures of the items of . Reversing all the moves thus gives 
us a sequence of measured band complexes which ultimately enables us, 
via standard embedding, to construct a pattern in P C Moreover by 
Proposition l3T0l Gp(P) = 111. □ 

It therefore follows that if "if has a tti trivial track, then it will corre- 
spond to a leaf of the possibly infinite tree T{'^). 



3.5 Infinite branches of T{^) and the finite sub- 
tree To(^) 

Definition 3.18. Let P C ^ be a pattern. The length \P\ of the pattern 
is the sum of the measures of the branches of the associated tti -train 
track. A pattern P such that Gp(P) = {1} is said to be 1-minimal if it 
has minimal length among all other patterns P' such that Gp(P') = {1}. 
Similarly we say a measure m on a band complex is 1-minimal if the sum 
of the measures of the items is minimal such that the canonical embedded 
pattern gives a free splitting. 

Proposition 3.19. Let m be a 1-minimal measure on and suppose we 
have that ^2 is obtained from ^\ from an elementary transformation: 



then the induced measure m! on '-£1 is also 1-minimal. 

Proof. Follows immediately from Lemma 13.111 □ 

Definition 3.20. A path 

Pi : = % — * "^1 . . . 

in T{^^) is unsuitable if it cannot be the initial segment of a path from 
to a leaf corresponding to a 1-minimal measure. 
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Definition 3.21. The tree To(^) is the minimal subtree of T'('^) contain- 
ing all paths from ^ to leaves which correspond to 1-minimal patterns. If 
there are none then To{'^) is empty. 

Our goal is now to show that we can in fact algorithmically construct 
this tree. 

Definition 3.22. A band complex with an item h such that "/{h) = 1 
is called thinnable. A segment J (see Definition 13. 3|) such that for each 
item h C J we have 7(/i) = 2 is called a quadratic segment. A generalized 
equation such that for each item we have "/{h) > 2 is called unthinnable. 

We chose the term quadratic is due its historical importance with 
respect quadratic equations over free groups or monoids. We first have a 
little lemma. 

Lemma 3.23. Let % % . . . be a (possibly finite) path in in T(^). 
This sequence can be seen as being produced by an alternating sequence of 
thinning and induction processes. The number of times we can switch is 
bounded by the complexity t('^). 

Proof. Neither thinning nor entire transformation increase the complexity 
T, suppose we are doing an induction process, this means that for each 
item h, 7(/i) > 2, i.e. the band complex is unthinnable. Straightforward 
checking shows that if an entire transformation doesn't decrease the com- 
plexity, then the resulting band complex is still unthinnable. The result 
now follows. □ 

Definition 3.24. Let % ^ "^i ^ ... be a (possibly finite) path in TC^) 
obtained by an induction process. Suppose that each is quadratic 

path ^0 ^ ^\ ^ . . . is called quadratic. Otherwise the path is called 
axial. 

Definition 3.25. Let % ^ '^i — > . . . be a (possibly finite) path in T(^) 
obtained by a thinning process. Then the path is said to be thinning. 

Lemma 3.26. Let % ^ "i^i ^ . . . be an infinite branch m T{^) then it 
has a tail '^m ^n+\ . . . that is either: 

1. thinning; 

2. quadratic; or 

3. axial. 

Proof. By Lemma [3. 23 1 we eventually only either do a thinning process or 
an induction process, the possibilities given in the latter case are mutually 
exclusive so the result holds. □ 

Corollary 3.27. // we have a computable upper bound f, depending on 
the band complexes, for the lengths of the thinning, quadratic, and axial 
subpaths that make up a branch in T{C) from the root to a leaf that gives 
a 1-minimal pattern, then we can effectively construct the finite subtree 
tree T'{^) C T^^) that is guaranteed to contain To('^). 
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Proof. We inductively construct T{^), but whenever we have a sub-path 
— *■ . . . — > of one of the three types whose length exceeded the 
bound fC^i), then we stop building T'(^) at i.e. will not have any 
children. By Lemmas 13.231 13.261 and Konigs Lemma the subtree T'(^) 
will be finite and clearly contains a branch from the root to a leaf that 
gives us a 1-minimal pattern if one exists. □ 

All that remains to do is to find this bound /. 



3.6 The Repetition Principle 

We now present a combinatorial argument that can be used to give bounds 
on the lengths of thinning paths and quadratic paths. 

Lemma 3.28. Let '/fo 'tai ~* ■ ■ ■ be some path in T{'^) such the 

band complexes all have total complexity bounded above by N . Then there 
is a computable function r : N — > N that some unmeasured band complex 
occurs twice m the initial segment 'iSa ^ ^\ ^ ^2 ^ ■ ■ ■ ^r(N)- 

Proof. Since the rest of the band complex stays unchanged throughout the 
process (e.g. If a 2-cell has trivial intersection with the bands in % then it 
will always have trivial intersection with the bands) , it is enough to count 
the combinatorial configuration of bands, items, boundaries, boundary 
connections, and how the 2-cells are attached to the band complex (since 
we are requiring them to intersect bands only in boundary connections.) 

Since the total complexity is bounded by A'', there are at most r[N) 
number of combinatorial possibilities, where r : N — + N is a computable 
function obtained by enumerating all the possibilities with total complex- 
ity N. □ 

Lemma 3.29. Let % — > "^i ... be some path in T(^^f) Such that 
"^m = '^m' with m ^ m' , then this path cannot yield a 1-minimal measure. 

Proof. Suppose this was not the case then we have 

where "^jv has no more bands. Suppose that reversing the moves gave us a 
1-minimal measure m on This is impossible since reversing the moves 

p' : % ^ . ■ ■ ^ "^m '^rn' + l ^ . . . "^JV 

will also give us a measure m' on % such that P^i gives a free splitting, 
but the resulting P^i will be shorter than Pm. Moreover Lemma 13.171 
guarantees that gp{Pm) = gp{Pm') = {1} which contradicts 1-minimality 
of m. □ 

These two lemmas imply 

Corollary 3.30 (The repetition principle). There is a computable bound 
on the length of a path "^i —> ^i+i — > ... in To[^) such that the total 
complexities of the '^i are bounded above. 



19 



3.6.1 Bounding the length of thinning paths 

Lemma 3.31. Let "^fo • be sequence of band complexes obtained 

in a thinning process, then the total complexities of the ^Is is bounded by 
some computable function fthin{^o)- 

Proof. Recall that a band complex is obtained first from a graph F, then 
attaching bands Bi to int{T^ — T"), we call this cell complex Y . The way 
2-cells are attached to Y is such that so that intersections of Y and bands 
are vertical subsets. 

Now the elementary transformations leave invariant F — ( U Bi) . It 
follows that 2-cell attaching maps only get changed within their vertical 
sections. Additional 2-cells may be created when we cut bases (ETl), but 
these new 2-cells immediately get either removed or collapsed when we 
collapse bands (ET4), so the total number of 2-cells is nonincreasing. 

Now 2-cell attaching maps only get changed as follows: vertical sec- 
tions are get mapped to points via band collapses (ET4), they get changed 
because of the collapse of a bigon but this doesn't change vertical lengths, 
and finally they can get "stretched" or collapsed in band mergers (ET7), 
but again this can never increase vertical lengths. 

It remains to show that the number of items, bases and boundary 
connections is bounded. Suppose first there is a section a such that a = 
/i U /i'. Then it is clear that the thinning move leaves these numbers 
bounded. 

Otherwise when we collapse a collapsable segment, J C that is the 
union of items hi, ... , hm, then we have /i-tie m+1 boundaries, which may 
increase the number of items by m but then we will collapse J, causing 

the deletion of m items as well as all the new boundary connections that 
were just created. So the number of items and boundary connections is 
nonincreasing. 

To see that the number of bases is bounded, first note that the only 
type of thinning move that increases the number of beises is in case 3. 
Each time wo have collapse from a separating base the number of sections 
increases. On the other hand the number of sections a such that n{a) > 
is bounded above by the r-complexity, so eventually we must have a 
section cr such that n{a) = 0, it follows that we must have a = fiU \. If 
/Lt = A then these bases will never interact with the other bases and we 
can ignore them. 

There are two now possibilities either jj, = a = X or w.l.o.g. fJ, ^ cr. In 
the first case we can perform a band merge (ET7) decreasing the number 
of bases and eliminating a. In the other case we A is half naked, in which 
case after at most two collapses (we never increase the number of bases) 
we reduce to the first case. 

It follows that whenever we create a section a such that n{a) = 
we can remove it without increasing the number of bases. Again, the t- 
complexity gives an upper bound on the number of sections a such that 
n{a) ^ 0, and we can always remove sections such that n{a) = 0, so we 
may assume that every base lives in a section such that n{(j) ^ 0, and 
again the T-complexity with the bound on the number of sections enables 
us to bound the number of bases. □ 
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Note that if each section a is such that n{a) > then we have: 

#bases — 2#sections < r('^o) 

which, because the number of section such that n{a) > is bounded by 
r(%), implies that 

#bases < StC^o) 

it is enough to note that since we can always eliminate sections such that 
n(cr) = after at most two thinning moves and the merging of two bands 
and that weight zero bases are never created more than four at a time. 
We have that 

#6ases < 3t(%) + 4 

and since none of the other quantities increase we have that fthini^o) is 
the total complexity of minus the number of bases plus 3r('%) + 4. 
The bound on the length of thinning paths is given by Corollary 13.301 

3.6.2 Bounding the lengths of quadratic paths 

The reader is strongly encouraged to draw their own picture of this argu- 
ment. In a quadratic path, in which the r— complexity doesn't decrease 
it is easy to see that entire transformations do not increase the number of 
bases. If we look at the attaching maps of a 2-cell D , the vertical length 
of dD can only increase in an entire transformation if dD contained an 
edge of a band containing the transfer base and the edge of the band 
containing the adjacent base. 

When we perform the entire transformation dD is stretched to contain 
the edge of a band that contains the reincarnation of the leading base so 
some segment of dD of vertical length 2 is "stretched" to have vertical 
length 3. But now this segment contains subsegments segments that lie 
in the edges of the bands containing the two leading bases and when we 
perform the entire transformation again, one of these segments must be 
collapsed. It follows that the total complexity stays bounded above. The 
result now follows from Corollary 13.301 

4 The Axial case 

The axial case is by far the most complicated. The main reason for this 
being the failure of the repetition principle. In the works of Makanin and 
Razborov, this was dealt with by a study of the arising periodicity. In 
our context as well there will be periodicity, but we will need a sizable 
amount of extra machinery to exploit it. 

4.1 Axes 

For this subsection we let G be a freely decomposable group and we let 
T be some Bass-Serre tree representing a free splitting. Most of the dis- 
cussion in this section is without proofs, but follows from elementary 
arguments. 

First of all we have that two hyperbolic elements 7, 5 £ G commute if 
and only if their axes coincide. Let Z C T be a biinfinite line that is the 
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axis of some element 7. Because of the free product context, we have that 
I is the axis of some 7' of minimal translation length, and we have that 
7 must be a power of (7')*^- Let /o C Z be a segment of minimal length 
such that 

ngZ 

then Iq is called a fundamental domain of I. 

Let J be some oriented segment of T and suppose that for some 7 £ G 
we have that (up to change of orientation) a terminal subsegment of J 
overlaps with an initial subsegment of 7J then 7 is hyperbolic and the 
union of translates 

is exactly / = Axis(7). J contains at least one translate of lo, the fun- 
damental domain of We say that the periodicity of J is the number of 
translates of lo that are contained in J. 

Lemma 4.1. Let G be freely decomposable and let T be a Bass-Serre tree 
for this splitting. Let 7, 5 be two hyperbolic elements that are not proper 
powers. Suppose that \Axis{'^) f] Axis{5)\ > tr(7) -\-tr{5) then Axis{'y) = 
Axis{S). In particular 7 and S are both powers of some element p. 

Proof. Let J = Axis(7) n Axis((5). Let n — tr('y) and m — tr{S). First 
note that the action on the tree is 0-acylindrical. Take an edge jo on the 
end of J. Since \J\ > tr{S) + {'y) + l we must have (replacing 5 or 7 by their 
inverses if necessary) that [5, 'y]jo = jo which means by 0-acylindricity that 
[5,7] = 1. 

The only trees abelian groups can act minimally on are points or bi- 
infinite rays, it follows that the axes of 7, S coincide. 
W.l.o.g. n < m and there are d, r < n £ N such that 

m = dn + r (1) 

Let jo < J be the initial segment of length 1 of J. If the remainder r = 
then we set p = 7. 

Otherwise the remainder r > in ([l]), note that 7''^^5~^jo C J, it fol- 
lows by the Euclidean algorithm that there is some p = 7"^ S"^^ . . . 7"' 5™' 
such that pjo C J and v = tr{p) = gcd{tr{-f),tr{5)). 

Let tr{'y) = n'v and tr{5) = m'v. It remains to show that 7 and 5 are 
powers of p. We have: 

n — 1 ■ m r — 1 ■ 

P 7 Jo = P Jo = Jo 

which implies (by 0-acylindricity) that p" = 7 and p™ =5. □ 

Suppose that H is another oriented segment and there is a 5 such that 
(as before) a terminal segment of H overlaps with an initial segment of 
5H. Suppose moreover that H is contained in I = Axis(7) for some 7. 
If the intersection H n 5H strictly contains at whole translate of lo then 
Lemma |4. II implies that Axis(5) = Axis(7). 
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Figure 8: A tubular clement associated to a band with overlapping bases 



4.2 Tubular elements and periodic arcs 

Suppose that G = ni['ia,xo) is freely decomposable and let P C be 
the pattern corresponding to the resolution of the action of G on T, a 
Bass-Serre tree representing the splitting. We now consider 'ta to be the 
corresponding N-measured band complex. 

Definition 4.2. Let be a base in a band complex such that /iri/I 7^ 0, 
then is called an overlapping pair. Moreover we denote 

J(/i) = U /I 

which must be a connected segment. 

Let B be a band whose bases fj,,Jl from an overlapping pair. We may 
assume /('^) to be identified with a subset of R so that this identification 
respects lengths. We can assume that ^ is identified with [0, s] and Jl is 
identified with [a, s + a] for some a. B must be orientation preserving. B 
is a quotient of /i x [0, 1] with some identifications between {0} x /i and 
{1} X n = JI. Let a be the arc corresponding to the "edge" {0} x [0, 1] 
and let /3 be the arc corresponding to [0,a] C /(^). The concatenation 
a * P gives us a closed loop (see Figure [8]). We denote by p the endpoint 
of fj, in /('^) and we denote the closed loop 7^,p = a * (3. 

Definition 4.3. This loop 7p,p = a*/3 as given above is called the tubular 
loop associated to fj, based at p. 

Definition 4.4. Let J C IC^) be an arc in the based band complex 
C^jXo). Let p be a path from xq to some p £ J. Then we say that J is 
p-anchored at p. J has an anchored lift Jp C 5?o) which is the lift of J 
containing the point p which is the endpoint of the lift p of p starting at 
xo 

We note that if p G J and that J is p-anchored at p for some p, p, then 
to any loop 7 based at p we can assign an element 7p = p * 7 * p~^ of G. 
We will call this "anchored" tubular element simply a "tubular element. " 

Definition 4.5. Let p,p be overlapping. We denote the translation 
lengths of p and p to be the number a. We denote this tr(p). 

Let J = J(p), and let J be p-anchored at p. We wish to understand 
the dynamics of the action of (7;j,p)p = 7^1, p on T. We denote Jp = J. 
We have the resolution tf) : ^ —> T. Now from Figure |9] we see that 7,t,p 
acts hyperbolically on T and (in light of Section 14. ip that J maps onto 
some J C Axis(7^,p) C T via 0. We also immediately see that the tr{fi) 
corresponds exactly to the translation length of the element 7^, p. Clearly 
none of this depends on the choice of anchor p. 
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Figure 9: The action of 7^_p on and T 



Definition 4.6. Suppose the image (l>{Jp) — J of the anchored lift of 
some segment J C /('^) C ^ is mapped into some I = Axis(7) C T via 
the resolution <j!>. The periodicity of J, p{J) is the number of translates of 
a fundamental domain /o C / that lie in <7i(J) (see Section [4 T|l . If p(J) > 1 
we say that J is periodic and we denote I — AxiSp(J). 

In particular we have the following: 

tr(fi) 4r(/i) ^ ^ 

We now wish to extend the notion of a tubular element to bands that 
may not have overlapping bases. Let J — J(/i) and let p £ J. Let B be 
some band with bases A, A C J identified to [b, b + a], [c, c + a] respectively. 
Let /3i be the path in J from p to b, let a be the path along the "edge" 
of B from 6 to c and let f32 be the path in J from c to p. We define 
"fx,p = Pi * a * P2 and call it the tubular element based at p associated to 
A. We now have a lemma that tells us to which extent we can "widen" a 
band. 

Lemma 4.7 (Widening Lemma). Let J C be a periodic segment 

in a band complex {'ff, xq) with a resolving pattern P ■ We consider 
Jp and we assume p ends at p. Let I = AxiSp{J). Let A, A C J and 
suppose the tubular element {"/\,p)p maps I into itself, then we can widen 
the band B\ so that without loss of generality A is coinitial with J and A is 
coterminal with J and the resulting band complex 'if'D'if has isomorphic 
fundamental group. Moreover we we can extend P d ^' to a pattern 
P d P' G ^' so that we have a G— equivariant isomorphism of trees 

r(p','^') T{p,'^) 

We also have that no new items are created. 

Proof. Let B = 5^ then we can attach rectangles Bo, Bi to both "sides" 
of B so that the resulting (wider) band B' = Bo U B U Bi has bases 
A', A' such that J = A' U A', we call the resulting band complex , by 
the obvious deformation retraction we see that 7ri(^', xq) ~ ni{'^, xq). In 
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particular if we take the loops 7a, p and 7a', p in we see that they are 
homotopic modulo p. 

We also have that the pattern P <Z ^ <Z , but P may not be a 
pattern of because Pn(-BoU-Bi) consists at most of a finite collection of 
points. There is a natural extension of P to a pattern P' d'^' , notably the 
one induced by the measure, it is basically obtained drawing the missing 
"vertical" lines in BqUBi. Moreover by hypothesis on the dynamics of the 
action of (7A,p)p on T{P, 'if) we see that the tree T[P' , is G-isomorphic 
to r(P,'ir). ' 

The last statement follows by inspection. □ 

We finally note that a band widening does not increase the number 
of bases or boundary connections in a band complex (although it may 
change the number of boundaries.) 

4.3 Periodic Mergers in measured band complexes 

This terminology is from the orbit counting algorithm in [AHT06) . 

Convention 4.8. For this section we will consider the periodic segment 
J to be p-anchored at p, i.e. J = Jp. It follows that we will denote Jp 
simply by J and AxiSp(J) simply by Axis (J). We shall denote tubular 
elements p * 7^,p * simply as "/v 

Suppose our band complex has two bands B^, , B\ whose bases all 
lie in a periodic section J. Suppose moreover that the tubular elements 
7;j,7a map Axis(J) into itself. We will describe a move that replaces 
with a band complex "If with the bands and B\ replaced by a band 
Bu such that J — uVJu and such that tr{v) — gcd{tr{X),tr{fj,)). We will 
also have that G = {'ifjXo) « {'ff'jXo), that there is a pattern P' C , 
and that there is a G-isomorphism T{P,'<f) T(P','^'). 

4.3.1 Step 1: Adding the new band 

It follows from the hypotheses and Lemma 14.71 that we can assume that 
the bands Bx and are "wide", i.e. J = J(A) and w.l.o.g. /i is coinitial 
with J and Jl is cofinal with J. Recall that we are studying a measured 
band complex corresponding to the action of a group on a Bass-Serre 
tree T representing a free splitting. Switching the bases for their duals if 
necessary, we may assume that fi and A are chosen so that they are initial 
segments of J. It follows that 7^ and 7a are powers of some element 7. 

We now attach a band Bi, such that J = u UV and such that tr{i') = 
gcd{tr{X),tr{fi)). With the added assumption that P„ is orientation pre- 
serving it is clear that there is only one way to do this. On the level of 
fundamental group we have added a free factor to our group. We have 
that there is some 7 G G such that 7^ — 7™ and 7a = 7' and such that 
7 = 7™ 7a . We therefore want to add a 2-cell that encodes the relation 
7i, = 7™ 7a so as to ensure that the fundamental group remains invariant. 
Unfortunately, we must be careful as we have the requirement that 2-cell 
attaching maps must intersect /(^) in a set with empty interior. The 
good news is that if we ensure that the anchor point p is the endpoint of 
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Figure 10: Bases v, v, A, A, /i, and /i attached to a periodic segment. 



J, then we can find a curve 5 which intersects all bands only in vertical 
sections which is homotopic modulo p to 

m t — 1 

7m *7a *7i' 

We first need a lemma. 

Lemma 4.9. ief n, m be positive integers and let d - 
w.l.o.g. we have integers p,q G Z>q such that d = pn 
nondecreasing sequences of integers = qo < qi < ■ . 
= po < Pi < ■ ■ ■ < Pn ~ p With 

Pi + qi + 1 ^ Pi+i + qt+i 

such that the following inequalities hold 

< PiU — qiTn < m + n 

We can now state our lemma. 

Lemma 4.10. Let J.,fi.,\ be as above and assume moreover that \ J\ > 
tr{X)+tr{ii) . Then it is possible to add a band B I, withtriy) = gcd{tr{X),tr{fi)) 
and a 2-cell D so that the resulting band complex C' has the same funda- 
mental group. also has a natural induced pattern P' so that we have a 
G~isomorphism T{P,'^) -> r(P',<^'). 

sketch. We will only give an example of how to attach the 2-cell D. Con- 
sider Figur jTUl We have bases A and /i with tr{\) — 3 and tr{fi) — 7. We 
take a path 5 consisting of vertical segments going through first through 
either B\ or B^, and then finally through B,^. In Figure [TOl S is shown to 
start at the point labeled and then intersects J again in the indicated 
points in the given order. Given the fact that 7a and 7^ commute, let- 
ting p be the point labeled or 8 we have that 5 given in Figure [10] is 
homotopic modulo p to the closed loop 

5 ~2 -1 

7a7m 7^ 

If we attach a 2-cell along the loop 5 we get, On the level of the funda- 
mental group, the Tietze transformation in which we add an element 7^ 
and the relation "fx'y^^JiJ^ = 1- We call the resulting band complex 



= gcd (n,m) then 
— qm. We have 
■ < qn = q and 
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Figure 11: On the left, a piece of ^\ the hfts of B^j are dark and the hft of B\ 
is hght; on the right the first step of the zipping of B\ into Bv 



Because 7a and 7^ will always commute and by Lemma [4.91 it is not 
hard to see how this construction can be made for arbitrary bands that 
satisfy the hypotheses of the Lemma. 

As we saw before 7^ and 7a were powers of some 7 such that Axis(7) = 
Axis(J) and tr(p{) — gcd{tr{X),tr{fi)). We now have that 7 = 71^. There 
is a natural extension P <Z P' d V , again the one induced by the mea- 
sure, which is obtained by adding the "missing" vertical lines in B^- 
Since we didn't mess anything up we have that T(P,V) T(P' ,^') 
are G— isomorphic. □ 



4.3.2 Step 2: Merging Bands 

For this section we want B\ , Bi, and J to be as in Section 14.3.11 Specifi- 
cally let J be a periodic segment in an band complex containing bases 
A, A, VjV, suppose moreover that J = vUV, that A is coinitial with J and 
that 7a = 7™. We will describe a procedure that will eliminate the band 
Bx while preserving the fundamental group and the splitting. 

We will consider an example, the general case will follow obviously. 
Suppose that 7a = ■yt, then letting p be the anchored lift of p and by 
our discussion of tubular generators we must have a piece of the universal 
cover ^ that looks like the example in Figure [TT1 We will G— equivariantly 
collapse the lifts of Bx into the translates oi B^ U ■y,yBv U . . . U jtBjy, this 
will gives a well-defined change in ^, the quotient. The move is just easier 
to visualize in the universal cover. 

In our example we first subdivide Bx into four bands Bx^ U . . . U Bx^ 
with Xi+i identified with Ai. This means that any boundary connection 
through Bx gets subdivided into four boundary connections. We now 
G— equivariantly identify the lifts of Bxi with the appropriate subsets 
of the lifts of Bu as shown on the left of Figure [11] We then repeat 
this for Bx2 , ■ ■ ■ Bx^- The resulting band complex has one less band, 
although the band B^, has more vertical segments from 2-cell attaching 
maps traversing it. The pattern P' C obviously induces a pattern 
P" C moreover it is clear that we have a G— isomorphism T{P' , '^') —f 
T(P" , V"). From this discussion it is clear how on should have proceeded 
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for 7a = 7" for arbitrary n. 

We now summarize the discussion of this section as a Lemma. 

Lemma 4.11 (First Periodic Merging Lemma). Let (C, xo) be a H-measured 
band complex such that with induced pattern P such that T{P, repre- 
sents an essential free splitting of G = ni ('^, xq) ■ Let J be a periodic seg- 
ment containing bases X,\,jj,,Jl with \ J\ > tr{fi) +tr{\) . Let p anchor J 
atp and suppose that 7^.^ and 7^,p map AxiSp( J) into itself. Then we can 
replace ^ by a ^-measured band complex ^' with induced pattern P' such 
that TriC^',^) = G and we have a G-isomorphism T{P,'^) ^ T{P','^'). 

4.3.3 Another type of merger 

Let J and L be maximal connected segments in /('^) and suppose that 
they are both periodic. We shaU assume they are anchored, an shall not 
mention the paths nor the anchor points explicitly. Let be funda- 

mental domain for Axis( J), Axis(L) respectively. 

Definition 4.12. We write J ^ L if for some g £ G 

l^o ngAxis(J)| > I jo I 
we write J ~ L if there is some g £ G such that 

Axis(J) = gAxis{L) 

Definition 4.13. A base fi lying in periodic segment J is said to be long 
if > 2|jo| + 1, and short otherwise. 

Lemma 4.14 (Second Periodic Merging Lemma). Suppose we have have 
a -measured band complex with maximal (w.r.t. inclusion) segments 
J,L C that are periodic such that J ^ L and suppose moreover 

that there is a band Bf_i such that jj. is a transfer base of J and Jl is a 
transfer base of L. Then by collapsing onto its base and performing 
identifications in J and L we can obtain a band complex ^' with one 
less base and such that J and L are inside a common periodic segment. 
Moreover we have a G~isomorphism T{P,'tf) — » T{P','^') where P,P' 
are the patterns induced by the measures on and 

Proof. Because are long bases in J, i resp. We have that the result 
of the sequence of identifications described in Figure [T^] has the desired 
properties. □ 

4.4 Periodic Mergers in Unmeasured Band com- 
plexes 

So far all that we have talked about only applies to measured band com- 
plexes. In this section we will show how these moves can be applied to 
unmeasured band complexes. The only difference is that each move will 
produce a finite collection of unmeasured band complexes corresponding 
to all combinatorial possibilities arising from the possible measure assign- 
ments to the items. 
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B„ 




JUL 



Figure 12: The merge in Lcmnia l4.14[ the first move is to collapse the connecting 
band i?^, the second move is to isometrically identify the periodic maximal 
segments J, L to obtain JUL. 



4.4.1 Some combinatorial criteria for lengths 

This first lemma follows immediately from the discussion in Section [4.21 

Lemma 4.15. Let ^£ be an unmeasured band complex and suppose it has 
an overlapping pair fi,Jl. Then for any measure m put on ^ such that 
r(P„i,'if) gives an essential free decomposition, we must have that the 
segment fiWp is periodic. 

Lemma 4.16. Let Jl, n be an overlapping pair and suppose that A, A C 
J{fj.). Let J be anchored at some p and let 7^ and 7a be the corresponding 
tubular elements. If 7a and 7^ do not commute, then for every measure 
m on'if such that T{Pm, gtves an essential free decomposition we have 
that 

|A| < 2tr{n) + 1 

Proof. Consider the action on T{P,n,'/f). Drawing a picture we easily see 
that 

Axis(7^) n7AAxis(7^) > |A| 

If |A| > 2tr{fi) + 1 then by Lemma [4. II we have that the two axes Axis (7^) 
and Axis(7A7,j7A ^) ~ 7AAxis(7^) coincide. It follows that 7a acts on 
Axis(7^) by translation and therefore [7a, 7n] = 1 ~ contradiction. □ 

This next lemma is obvious 

Lemma 4.17. For any measure m on ^ and any overlapping pair fi,Jl 
we have |J(/i)| = 1^1 +tr{fi). 

This next lemma gives a combinatorial criterion for the applicability 
of Lemma 14.71 

Lemma 4.18. Let ^,J1 be an overlapping pair and let A, A C J{^.l)■ For 
any measure m on : 

1. If X, \ also form an overlapping pair then |J(/i)i > +tr(^). 
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Figure 13: On the left, \J\ > tr{X) + tr{fi), on the right \J\ < tr{X) + tr{^). 



2. If X, \ do not form an overlapping pair, but they both lie in J{fi), 
then I J(/i)| > tr{X) + tr{fj,) tf and only if either 

(A U A) n /i / or (A U A) n 7i / 

Moreover if we have |J(/i)| < tr{X) + tr{ii) then we must also have 
\X\<tr{^). 

Proof. Let J(/i) = fiUJI and we define J(A) analogously if A, A form an 
overlapping pair. We immediately see that | J(/i)| = + tr{fi) and that 
M>tr{^^). 

(1.) Suppose that A, A form an overlapping pair as well, then we have 
that 

|J(m)I = \J{^^)\~\J{x)\-\J{^I)nJ{X)\ 

= M+ trill) + \X\+tr{X)-\J{f,)nJ{X)\ 

> |J(M)nJ(A)| 

so in all cases the inequality holds. 

(2.) In this case we have |J(/.t)| ~ +tr{fi) and the inequality holds 
only if tr{X) < This is equivalent to the given criterion. The second 
fact is obvious. □ 

The two criteria given in the Lemma are purely combinatorial. See 
Figure [T3l for an illustration of item 2. 

What we want is a version of the First periodic merger for unmeasured 
band complexes similar to the one given in Lemma [4.11l We will want to 
use it when we have an overlapping pair fj,, JI and bases A, A C fiUJl such 
that the tubular elements 7^, 7a commute. The trick given in the next 
section will enable us to determine whether there exists some u £ G such 
that 7p — It", 7a ~ M™ and if so will find it. 

4.4.2 A Bulitko Trick 

If G has decidable word problem, then it is also decidable whether some 
finite subset S C G generates an abelian subgroup of G. What is not quite 
so clear is what the abelian subgroup (S) will be, specifically we would 
like to be able to decide if (5*) is cyclic and find a generator. Although this 
is still not known to be decidable, we have will obtain a slightly weaker 
decidability result which will be perfectly applicable to tubular elements. 

In [Bul70| Bulitko showed that given a solution / to system of equa- 
tions over a free group and a cyclically reduced word p it was possible 
to produce another solution /' such that there is some d £ N such that 
for any occurence of p",n £ Z in the solutions, |n| < d. To prove our 
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theorem, we need a Bulitko Lemma for free products. Lot A, B be groups 
and denote by A U B the set of reduced words in AVJ B i.e. elements of 
AVJ B are exactly normal forms of elements oi A* B. We use * to denote 
concatenation. 

Definition 4.19. Let w = 0162 • • • a„-ib„ and p = ai . . . [3m be in A U B. 
Suppose moreover that p is not a proper power, not elliptic and cyclically 
reduced. We denote the p— stable normal form of w to be the product 

Mop"°Mlp"'...p"'Mi+l 

which is graphically equal to w that satisfies: 

• Wo lies in (AUB * p*^) - {AuB * p''^^ * * AUB) . 

• Ui lies in [p"^^ * AUB * p^^) - (AUB * * * AUB), for 
l<i<l. 

• Uk lies in [p"^^ * Au B) - {Au B * p^^ * p^^ * Au B). 

The the terms ni,...ni are called the p— stable exponents of periodic- 
ity. For convenience we will denote the p— stable normal form as a tuple 
(mo, ni, . . . , m, Mi+i). 

Lemma 4.20. For a given w and p, the p— stable normal form is unique. 

Wc also note that the existence of such an / means that G acts on the 
Bass-Serre tree T oi A* B, if f : G A* B is essential, then at least one 
of tracks we get from the resolution of the action is essential. The Bulitko 
lemma is usually a statement about solutions to equations, however it 
translates directly into an analogous statement about homomorphisms. 

Lemma 4.21 (Bulitko Variant for free products). Suppose / : (X | ii) — > 
A*B is homomorphism from a finitely presented group given as a mapping 



where Xi € X and Wi € AU B. Let the Wi have p— stable normal forms 

{uo,no, ■ ■ ■ ,ni,ui+i) 

then there is a homomorphism /' : {X \ R) ^ A* B such that f'ixi) = w'i 
and the w'i have p— stable normal forms 

(Mo,no , . . . ,n+,M(+i) 

where the |n+| are bounded above by some computable function of X and 
R. 

The argument for the case of free groups is easily adapted to free prod- 
ucts so we omit the proof. Now, being sneaky, we can get the following 
result: 

Theorem 4.22. Let G be af.p. group with decidable word problem and let 
7,(5 be two elements of G such that [7,5] = 1. Then there is an algorithm 
that terminates and either: 

(a) outputs an element u € G and integers n,m such that w" = 7 and 
u"" = 6; or 
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(b) the algorithm proves that i/ 7 and 5 lie in a cyclic subgroup, then 
there is no homomorphism f : G ^ A* B such that the images /(7) 
and f{5) are hyperbolic. 

Proof. Suppose there is a map f : G A * B such that 7, S are sent 
to hyperbohc elements. Then we can change the presentation {X \ R) 
of G to (X U {7,5} I R') so that 7,5 now lie in a generating set. Let 
X' = XU {7, S}, and apply Lemma 14:211 to {X' \ R'). 

Suppose that 7 = w" and 5 = for some u £ G,n,m £ 1^ . Suppose 
that 7 or 5 is sent to a hyperbolic element, then so must u. We therefore 
have that for p (replacing it by a proper root, if necessary) which is the 
cyclically reduced "core" of f{u) we have that 7 and 5 have non trivial 
p-stable exponents of periodicity, moreover these exponents of periodicity 
give upper bounds for |n| — 2 and |m| — 2. 

On the other hand by Lemma 14.211 we can replace / by some /' with 
bounded p-stable exponents of periodicity, but even better: if 7 and 5 
were sent to hyperbolic elements via /, the same is true via /', so u must 
also be sent to a hyperbolic element, so the equalities 7 = u" and 5 = 
reveal themselves via translation lengths. Upper bounds for |n| — 2 and 
|m| — 2 as given in the statement of the Theorem are therefore given by 
Lemma 11.211 

So we have a bound on n, m such that u" = y and u"* = S, it follows 
that 7" — (5™ where e.g. n' = lcm(n,m)/n. Now using our solution 
to the word problem for G we can check for all the finite possibilities for 
n',m' whether 7" = 5™ . In which case we have 



and m' — 



n 



gcd(m,n) gcd(m,n) 

and by the Euclidean algorithm there are r,s £ Z such that 1 = rn' + sm' 
it follows that 

r rs 
U — J 

and, again by our solution to the word problem, we can check whether 
= 7 and li™ = S. 

If all this searching yielded no results, then (b) of the statement of the 
Theorem must hold. □ 



4.4.3 The first Periodic Merger for unmeasured band com- 
plexes 

If we want to perform a periodic merger, we must first add a band, and 
then add add a 2-cell, this corresponds to the sequence of presentations: 

{X\R)^{XU {x'} \R)^{XU {x'} \Ru{x^ }) 
which we want to be a Tietze transformation. 

Lemma 4.23 (First Periodic Merger for unmeasured band complexes). 
Suppose that we have an overlapping pair ^,Jl and a pair of bases A, A 
that satisfy either premises 1. or 2. of Lemma \4.18\ If the the tubular 
elements 7^ and 7^ commute then Theorem \4.2S\ either tells us that there 
is no measure m that can be but on 'ta so that T{Pm,'^) gives a free spitting 
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or gives us integers r, s and an element u £ G such that it = 7a 7^ md 
7a = "'■,7^ = u". 

In the latter case from ^ we can 'produce finitely many band complexes 
^1 , . . . , such that they all have the same fundamental group as , but 
all have one less band than . Specifically we will have added a band 
Bs such that ys ~ u and removed the bands and B\ . Moreover if ^ 
admits a measure m such that T[Pm,^) gives a free spitting, then there 
is some i £ {1, . . . g} such that with an induced measure rui such that 
T[Pmi,^i) also gives a free splitting. 

Finally we have that any l-mmimal measure vn! on "^i induces a 1- 
minimal measure rh on by reversing the moves. 

Proof. Because A, A satisfy the criteria of Lemma r4.18l we liave tfiat J(/i) > 
tr{X) + tr{fi) for any measure m on on "if. 

Now because form an overlapping pair for any measure m on 
such that T = T{Pm, gives a free decomposition we must have that 7^ 
and 7a act hyperbohcally on T, moreover in this case they must lie in a 
common cyclic subgroup. We now apply Theorem 14.221 to the elements 
7^ and 7a . 

Obviously if it is determined that if 7^ and 7a lie in a cyclic subgroup, 
then there is no homomorphism / : G — > A*_B such that the images /(7n) 
and /(7a) are hyperbolic. Then there is clearly no measure m on such 
that T{Pm,^) gives a free splitting. 

Otherwise we have found an element u and integers r',s' such that 
7a 7m ~ We can widen the band B\ so that w.l.o.g. A, A is coinitial, 
coterminal with J(/x, ) where. It is easy to see that there are finitely many 
possible resulting combinatorial band complexes. 

We now add the new band Bs such that 5 U 5 = J(/i, A) and we add 
the 2-cell whose boundary is sent into vertical segments, as in Lemma 
14.101 giving relation 75 = 7a 7il • As pointed out earlier the new band 
complex has the same fundamental group. There are again finitely many 
combinatorial band complexes that can be obtained from adding a a band 
and a 2-cell of vertical length r' + s' to ^. 

Finally we zip the the bands B\ and Bp onto Bs as described in 
Section 14.3.21 Again it is easy to see that there are finitely many possible 
resulting combinatorial band complexes as we have explicit bounds the 
vertical length of the 2-cell attaching maps and the number of bands. 

So far we have created finitely many combinatorial band complexes 
^1, . . . , "^q. If ^ has a measure m such that T{Pm, ^) gave a free splitting, 
then we could apply Lemma r4. 111 (1. e. The First Periodic Merging Lemma) 
to get a measure m' and 'ta' . The unmeasured band complex corresponding 
to must be some 'tai for i € {1, . . . , q}. 

Note finally that Convention 12.251 ensures that any measure m put on 
one of the resulting Cj's induces a measure m on □ 

Again note that the premises of this next lemma are combinatorial: 

Lemma 4.24. Let fi,]! and A, A be overlapping pairs that are coinitial. 
Suppose w.l.o.g. that |J(/i)| > |>^(A)| and suppose moreover that |A| > 
tr(/i) then if^ has a measure m such that T{Pm, gives a free splitting 
then we must have that the tubular elements 7p,7a commute. 



33 



Proof. By hypothesis J(A) PI J{fi) — J(A). Now for any measure on 'if 
we have | J(A)| = |A| + tr{X). If |A| > tr{jj,) then the result immediately 
follow by Lemma [4. II □ 

We note that an equivalent condition is that An (/iri/l) has nonempty 
interior. We can now define a new elementary transformation. Since this 
transformation removes a band each time it is performed it can only be 
applied finitely many times along a path. 

Definition 4.25 (ET8: Periodic merger). If "if is superquadratic and 
the carrier /j, overlaps with its dual, then for any other base A such that 
J(/i) D A, A we do one of the following: 

1. If A, A forms an overlapping pair and J(A) is coinitial with J(/i). 
Then if A is also a leading base and A has nonempty interior with in 
Jin n then if 7a and 7,^ don't commute we declare ^ to be unsuit- 
able (indeed, Lemma 14.241 precludes this possibility.) Otherwise we 
perform the periodic merger given in Lemma 14.231 

2. If the tubular elements 7a,7/j commute, and A, A satisfy one of the 
conditions given in Lemma r4.18l then we perform the periodic merger 
given in Lemma [4.231 

This next lemma follows from Lemma 14.161 and says what happens 
when a periodic merger cannot be applied. 

Lemma 4.26. Suppose that ^ is a carrier base that overlaps with its dual 
and bases A, A satisfy the premises of Lemma \4-lS[ but that the tubular 
elements "/i_i,~f\ do not commute, then for any measure m on we must 
have that |A| < 2tr{^). 

4.5 Restricted Elimination Processes 

Perhaps before we say anything further we should give some motivation 
for this section: ultimately our proof of the algorithmic constructibility 
of To('^) follow from the algorithmic constructibility of a J— restricted 
elimination trees To{'^, J). 

Let J C be a union of closed sections. Recall that we had an 

embedding i : /('^) ^ R. We can redefine i on so that all the (interiors 
of) bases contained in J are mapped to the left of all the bases contained 

iC^) - J. 

In this case if we start our elimination process each leading base will 
lie in J. Let p : % ^ "^i — » . . . be some sequence of band complexes 
obtained by applying thinning moves and entire transformations, then we 
have a natural inclusions D induced by considering how 

bands correspond to partial isometries of R. Let J be some segment in ^ 
then we denote Ji to be J n ICrfi). 

Definition 4.27. The arborescence of band complexes T{J, '^) is a tree 
that is constructed by starting with and assuming that all the bases in 
J are to the left of the bases in /('^) — J. We ensure moreover that we only 
apply thinning moves if some base in J contains a free segment, otherwise 
we apply entire transformations. For every £ T{J, '^)—dT{J, '^), Jn'^i 
is nonempty. The leaves of the infinite tree T{J, are band complexes 



34 



"^j such that J D'lfj — 0, i.e. all the bases in J have been moved onto 
/(■^) - J. 

Let m be some measure on ^ such that T{Pm, gives a free splitting. 
The argument used in Lemma FS.iyi gives a an induced path in r( J, from 
the root to a leaf. We denote To (J, the minimal subtree of T{J,'^) 
containing all the paths corresponding to 1-minimal measures. 

Definition 4.28. A J -restricted elimination process is the construction 
of a finite subtree T'{J/£) C T{J,^) which is guaranteed to contain 

ro(JX)- 

4.5.1 The excess argument 

We will develop some machinery meant to deal with the so called su- 
perquadratic case. The arguments presented are more or less standard in 
the theory of generalized equations and are essentially due to Razborov. 
Throughout this section J denotes some union of closed section ofI{'^). 
Our goal is to bound the length of paths p : ^ = ~* "^i ^ . . . in 
T{,J,^) that aren't unsuitable. 

Definition 4.29. A union of closed sections J C is called un- 

thinnable if for each item h <Z J we have 7(/i) > 2 and is called su- 
perquadratic if it is unthinnable and has an item h such that 7(/i) > 2. 

Definition 4.30. If J is superquadratic then we can write J — Q{J) U 
SQ{J) where Q{J) is the union of items h such that 'y{h) = 2 and SQ{J) 
is the union of the items such that 7(^1) > 2. SQ{J) is called the strictly 
superquadratic part. 

Clearly for any measure on |J| — \Q{J)\ + \SQ{J)\. 

Definition 4.31. Let A = {Si, . . . , 5k} be set of bases that lie in J but 
whose duals lie /(^) — J. We call these connectors. 

Obviously if a connector 5 G A is ever a carrier in a J— restricted elim- 
ination process then the complexity r(J) will decrease in the subsequent 
band complexes. Let p : = "^o — * "^i ^ • • • ^ "^jv be some path in 
T[J,^) and let C(p) denote the set of bases that are carriers in p and 
T(p) be the set of transfer bases in p i.e. the set of bases that are carried. 
Suppose moreover that the complexities r(J) = T{Ji) for all < i < A*'. 
Then in particular no base in A is ever a carrier. 

Definition 4.32. Let p,T{p) and C{p) be as above. We denote 

Hp) = U ^ 

xeT{P),c(p) 

We denote Ij{p) = I{p) n "^j. 

We also immediately see that we have containments Jj D Ij{p) 3 
Ij+i{p). Now let A' = A n T{p). And let Z C I(P) denote the union 
of segments in I{p) covered by bases in A. Let Zi, . . . , Zt denote the 
connected segments of Z covered by bases in A that are never carried in 
p. Let 

I' = I{p) - Z 

and let Q{I') be the quadratic part of I' and let SQ{I) denote the strictly 
superquadratic part of /. 
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Lemma 4.33. There is a recursive function frep with values in Z>o such 
that for any 1— minimal measure on I{p) and J given as above we can 
get a bound 

k 

\Q{l')\<freA'^,J,I{p)){\SQ{I{p))\+J2 

5gA' i=l 

Proof. Subdividing bases, we arrange so that /' is a union of closed sec- 
tions. Since /' is quadratic by the repetition principle we can construct 
the finite elimination tree Tq{I'/^). The leaves not corresponding to un- 
suitable paths correspond to paths in T(J', 'ff) where all the bases in 7' are 
moved onto SQ{I{p)) or onto bases in Z. For each branch from a root to 
a leaf going backwards enables us to bound above the lengths of the bases 
in /' in terms of \SQ{J)\, \S\ and \Zi\ where 5 G A, i = 1, . . . fc. Since there 
are finitely many such leaves we can take frep to be the maximum. □ 

Corollary 4.34. For any 1-minimal measure on we have 

k 

\i{p)\<{!rer + i){\sQ{im+ E i-^i+Ei^'i) 

Proof. Its enough to observe that \I{p)\ < \SQ{I{P)\ + \Z\ + □ 

Definition 4.35. Let ^ be a band complex with I C 7('^) some su- 
perquadratic union of items. Let m be some measure on ^. Then we 
define the excess 

V^(^,7)= Yl {l{h)-2)\h\ (3) 

he-W(/) 

where H{J) is the set of items contained in J. We will usually omit 
mention of the measure in the subscript. For I{p) as above, we define the 
J-relative excess to be 

(SeA' i=l 

Lemma 4.36. For every measure on we have the upper bound 

\I{P)\ < {freA'^,J,I{p)) + l)rm{'^,J,I{p)) 

Proof. This follows immediately since ipm{'T^,I{p)) > \SQiI{p)\. □ 

Lemma 4.37. Let m be a measure on . And fet p : — *■ '^i • • • be 
a path in T{J, where .J is superquadratic. Suppose moreover that for 
each "Wi we have T{Ji) = t{J). Let I{p) be as defined above. We have the 
following: 

1. If I(p) is superquadratic then ijj{'^,I{p)) > 

2. T{Ji) = t(J) we have 

ij{^i,h{p)) = ^{^i+i,h+i(p)) 
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3. In each in p we have that the quantity 

IS constant. It follows that 

4- For each i, let Xi be the longest base m contained in T{p) U C(p), 
let Li = |Ai|, and let N be the number of bases in Then 

V'*(^.,J'»,/.(P)) < 3iV'L, 

Proof. 1. This is obvious since ip{'^^i, Ii{p)) > \SQ{Ii{p)\. 

2. We first note that entire transformations will always send the bases 
in Ii{p) into Ji+i(p). Keeping track of the summands of Q show that the 
quantity remains constant. 

3. Since bases in A are never carriers we must have that the quantity 
$^<seA' remain fixed. Moreover the carrier in Vi cannot lie in Zi because 
Zi is covered by bases of A that are never carried in p. It follows that 
\Zi\ also remain invariant. 

4. It is enough to notice that Ii{p) is always exactly covered by the 
bases in T{p) U C(p). It follows that for each 5 in A' and Zi, i = 1, . . . , k 
we have |(5|, < NLi. We also have that |A'|,fc < A''. Finally we have 
that i){%,U{p)) < N\Ii{p)\ < N^L,. It follows that i)* {%, Ji,h{p)) < 
3N'^U. □ 

Definition 4.38. Let p : "^o — > ^ • ■ • be a path in T{J, satisfying 
the premises of Lemma 14.371 Then for any measure m on we define 
the quantity 

when p is understood we will simply denote it ip* . 

Immediately we get: 

Corollary 4.39. Letp : ^ ^ . . . be a path in T{J, 'ff) satisfying the 
premises of Lemma \4.ST\ where '£ has N bases. Then for any 1-minimal 
measure m on ^ we have 

\I{P)\ < (frep{'^,J,I(p)) + l)r 

let Xi be the longest base T(p) UC(p) in '^i and let Li = |Ai| then we have 

\I{P)\ < ifrep{'^,J,I(p)) + l)3N'L, 

Definition 4.40. Let "^o — > '^i ^ • ■ ■ be a sequence of band complexes 
we denote the sequence 

We say that ^^[i,j] and '^[fc, /] are disjoint if [i,j] n [k,l] are disjoint as 
intervals in R. 
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Definition 4.41. Let p : "^o — > "^i ^ • ■ • be a path in T[J,^) satisfying 
the premises of Lemma [4. 371 Let T(p) and C{jp) denote the set of transfer 
bases and carriers respectively. A T — C cycle is a sequence "^[i, j] such 
that each base in T(p) is carried at least once. Moreover for each A in 
C(p) there are i < k < I < j such that the following occur, either: 

1. A is the carrier in but it doesn't overlap with it's dual. Some 
base S is carried by A and 5 is a leading base again in "^j; or 

2. A is the carrier in % and A overlaps with its dual A. For some 
fc < s < A is always the carrier base throughout "^[fc, s] but is not 
the carrier in "^s+i- Then A is the carrier base again in % 

Lemma 4.42. Let p : % . . . be a path in T{J,^) satisfying the 

premises of Lemma \4-37\ Let T{p) and C(p) denote the set of transfer 
bases and carriers respectively. Let be a C ~T cycle. Let A £ T[p) 

and let k,l be as in Definitton \4.41\ Let Du be the length \\\ in "^k- Then 
for any measure m on and induced measures on the subsequent band 
complexes we have 

\L.{p)\-\IM\>\h{p)\-\Iiip)\>Dk/2 

Proof. W.l.o.g. we oriented so that entire transformations move 

everything to the right. Suppose first that the carrier A in doesn't 
intersect it's dual. Then we have (A) > |A| = Dk. If S is carried by A then 
for (5 to be a leading base again again in "^j we must have cut off a set of 
length at least from Ik{p) to get Li{p). The inequality therefore holds. 

Suppose now that the carrier A in % overlaps with its dual. Let s be 
as given in Definition l4.41l Let L\ = |A| in'^k- There are two possibilities: 

• A is the carrier throughout ^[k,s\ and after a certain number of 
repetitions at least Dk/2 was cut out from Ik{p)- 

• Before we can cut Dk/2 from Lk{p) another base p becomes the 
carrier. 

We consider the second possibility. Let Ds+i denote |A| in "^s+i, we have 
Ds+i > Dk/2. Note also that although |A| decreased in passing from 
to 'ifa+i, tr{\) remained constant, also A and A still form an overlapping 
pair which means that tr{\) < Ds+i. 

Suppose first that the carrier p in ^s+i did not overlap with its dual. 
First of all we know that \p\ > Ds+i > Dk/2, and when A is a leading 
base again we will know that we have cut at least \p\ > Dk from Ik{p) in 
passing to Ii (p) from the first part of the proof applied to p. 

Suppose now that p overlaps with its dual. We have two possibilities. 
First if J{p) C J(A), since p is a carrier we have that \p\ > \X\ > tr{X) and 
since |J(p)| = \p\+tr{p) and J(p) C J(A) we have |J(p)nJ(A)| = \ J{p)\ > 
tr{p) + tr{X), which means that we can perform a periodic merger thus 
decreasing the r-complexity -contradiction. 

The second case is that J(A) C J{p). If Da+i — |A| > tr{p) (this can 
be seen combinatorially) again we can do a periodic merger. It follows 
that tr{p) > \X\ > Dk/2 which means that once A is a leading base again, 
we would have cut at least Dk/2 from /fc(p) in passing to Ii(p). □ 
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Definition 4.43. Let p : "^o — > ^ • ■ • be a path in T( J, satisfying 
the premises of Lemma [4.371 where ^ has A'^ bases. We set 



B(p) =6iV^(/.ep(^,J,/(p)) + l) 

Lemma 4.44. Let be a band complex and let m be any 1-mmimal 
measure on . Let 

p : = % ^ -^i ^ . . . 

be a path satisfying the premises of Lemma \4-36[ LetC(p) and T{jp) denote 
the set of carriers and transfer bases in p respectively. Then it is impossible 
for p to contain B{p) + 1 disjoint C ~T cycles ^[i,i]. Specifically such a 
path is unsuitable. 

Proof. Let Li denote the length of the longest base Ai £ T{jp) U C{p) in 
Ci. By Corollary HSU 

\I{p)\<B{p)^ (4) 
for all = 0, 1, . . .. Note that 

Lo>Li>L2>... (5) 

also note that the only time when the length of a base decreases is when 
it is a carrier. Note furthermore that if is a C — T cycle then since 

each base in T{p) gets carried the base A such that |A| — Li in ^i must 
lie in C{p). 

By definition of a C — T cycle A will eventually be a carrier in "^[i,]]. 
By Lemma IT42] JH, and ((5)1 we have that 

which means that each time a cycle occurs at least ^-g^ gets cut out 
from |/(p)|. For a 1-minimal measure on ^ this cannot happen more than 
Bij)) + 1 times. It follows that p is unsuitable. □ 

As a corollary we have this important fact: 
Lemma 4.45. Suppose we take a subtree T'{'ta,J) ofT{'^,J) such that 

• For every subpath q : 'tao ^ ^\ . . . no C — T cycle occurs more 
than _B(g) + 1 times. 

• There is some computable function p' such that for each^i inT' , J) 
such that the its carrier ^ overlaps with its dual fj, is not the carrier 
base more than p'i^i, J) times in a row. 

ThenT'{'^,J) is finite. 

Proof. Since T('^, J) has finite branching so must T'{^, J). Suppose to- 
wards a contradiction that T'(^, J) was infinite, by Konig's Lemma we 
must have that T'(^, J) has an infinite branch. Let q -.^r ^ '^r+\ —>.. . 
be this infinite branch. W.l.o.g. we can take a tail of q such that each 
bcise that carries is a carrier infinitely often and each base that is carried 
is carried infinitely often. 
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The first possibility is that C{q) = {A}, but by hypothesis the com- 
putable function p'{'^r, A) gives us a computable bound on the number of 
times in a row A can be the carrier and therefore implies that q is finite - 
contradiction. 

The second possibility is that C{q) contains at least two bases. But 
since each base that carries is a carrier infinitely often and each base that 
is carried is carried infinitely often we must have infinitely many C — T 
cycles - contradiction. □ 

Proposition 4.46. Suppose we have a computable function p^^ , fi) which 
bounds the number of times in a row the carrier jj, of can be the carrier 
in some path p : "i^" = % — > "^i ^ . . . that is not unsuitable. Then we can 
algorithmically construct the J -restricted elimination tree Tf,{'la,J). 

Proof. In light of the discussion in Sections 13.51 and 13.61 we see that to 
construct ro('^, J) all that remains to be shown is that we can algorith- 
mically bound the length of paths q : ^ ^r+i — > • • • in which all 
the Ji C % are superquadratic, the complexities T{Ji) remain constant, 
i.e. paths that satisfy the premises of Lemma 14.371 and such the q is not 
unsuitable. 

We will construct TqC^jJ) as the subtree of T{^,J) which contain 
no paths q : — > '^r+i . . . with more than B{q) + 1 C — T cycles 
or such that the carrier A,, of is a carrier more than p('^r,A) times 
in a row. By Lemma 14.441 and by assumption on p{'^J), we have that 
ToC^, J) contains TqC^, J). By Lemma |4l5]To('^, J) is finite, so we can 
simply set To{'^, J) = To{'^, J). □ 

Of course letting J — implies our result. This should be sufficient 
to motivate the next section. 



4.6 Bounding Periodicity 

All that therefore remains to be shown is that there is a computable 
function A) as given in Proposition 14.461 

Let m be a 1-minimal measure on a band complex ^ and suppose that 
the carrier ^ overlaps with its dual. Then J(/^) is a periodic segment, in 
particular in T(Pm,V) the axis of 7^ = tr{^) is covered by segments jy, 
such that Ij^I = tr{'yij_) and we have 

\JM\ <p{'^,m,fi)tr{^i) 

Suppose that after we do an entire transformation /x is a carrier again, 
then it's easy to see that tr(/i) is unchanged and that J(/i) was shortened 
by exactly tr{fi). It follows that this p('^, m, ^) gives an upper bound on 
the number of times in a row fi can be a carrier. We will show how to 
recursively find upper bound p{'^,fj,) of m,^), for any 1-minimal m 
in terms of 

Lemma 4.47. Suppose J C 'ff is a superquadratic union of closed sec- 
tions. Then we can build a maximal finite subtree Toveriapi'^ , J) C To"^, J) 
such that for any path 

p : = ^0 — > ^1 — y . . . — > 
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from the root to a leaf, either the carrier Xi of "^i overlaps with its dual 
and Xi is not contained in another base, p is unsuitable, or the complexity 
T decreased. 

Proof. In particular the carriers bases in the band complexes in the in- 
terior of ToveriapC^ , J) are never carriers twice in a row. It follows by 
Lemma 14.461 that this tree is finite. □ 

4.6.1 Bringing a band complex into periodic block form: 
the tree Tpi'tf) 

We will define another type of elimination tree. Suppose first that the 
carrier fi overlaps with its dual, suppose moreover that there is no base 
A such that X D fi or JI. We construct the tree Tp{'^) as follows (see also 
Figure [14} : 

1. We apply ET8 as often as possible, either ^ is unsuitable or it isn't. 

2. We attach a hanging band Bg (ET6) such that 5 = i-iUJl, we call the 
new band complex We arrange so that the embedding li"^') R 
extends /('^) — » R so that S is at the far right. 

3. 5 is now a carrier base so we do an entire transformation, i.e. we 
transfer and all bases contained in J{fi) onto 5 and we collapse 
the initial lonely subsegment of 5. The resulting band complex is 
still superquadratic. 

4. We now declare the segment to the right covered by J(/i) to be a 
periodic block. 

5. We proceed with the (/('^) — J(/i))-restricted elimination process. 
By Lemma 14.471 we can construct the finite tree Toveriapi'^ , — 
J(/x)) such that at each leaf I either the carrier base fi\ overlaps 
with it's dual and there is no base properly containing /H (or the 
complexity decreases, or the leaf is at the end of an unsuitable path). 
We create a new periodic block J(/ii) as in 3. We continue by 
growing the tree Toveriap[^ , I — [J{lA U J(/ii)) at the leaf I and 
eventually get more periodic block at the leaves. 

6. Continuing in this fashion we finally get a tree Tp{C) such that all 
the band complexes at the leaves are either unions of periodic blocks 
or the ends of unsuitable paths. 

Definition 4.48. Let ti{'€) = T{J{fii) U . . . U J{fJ-k)) be the sum of the 
complexities of the periodic blocks. Let rp('^) — r(^) — ti[^). 

Lemma 4.49. // ^ is superquadratic, creating a periodic block doesn't 
change the complexity t('^). Moreover the r-complexity of each section 
that is a periodic block is at least 1. This means that Tp decreases when 
we create a new periodic block. 

Proof. Attaching the hanging band B(5) creates a new section a = 6 such 
that n(cr) = (see Definition l3.4[) and adds a base 5 to 'ff which increases 
the complexity by at most 1, since adding a base S = J{l-i) doesn't decrease 
the number of sections. Now since jj, was a carrier and there are no bases 
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Figure 15: A band complex in periodic block form 

containing /i or /I we have that 5 is a carrier. We can first move /i onto 
a, n{a) remains whereas the complexity of the section that contained 
J(/i) decreases by 1. Any other transfers via 6 increase n(a) by 1 and 
decrease the complexity of the section that contained J(/^) by 1, so after 
we have transfered fi,]! and all bases contained in J(^i) the total change 
in complexity is 0. Since a contains at least three bases we have T{a) > 
so the inequality follows. □ 

Corollary 4.50. Tp[^) is finite and all its leaves are either unsuitable or 
consist uniquely of periodic blocks, in either case the r — complexity never 
increased. Moreover any 1-minimal measure on ^ induces a path to some 
leaf in TpC^). 

Proof. Whenever we create a new periodic blocks or whenever a base is 
transfered to a periodic blocks, the complexity Tp decreases. We also know 
how to bound thinning and quadratic paths. In all cases along any path 
from ^ the complexity rp eventually decreases to zero and the process 
stops or (by CoroUarv I4.47P we arrive at an unsuitable "^j. The last part 
follows as in the proof of Lemma [3.17l □ 

4.6.2 Periodic Hierarchies 

Definition 4.51. A band complex ^ that consists only of periodic blocks 
is said to be in periodic block form (see Figure [TS]) 

It is clear from the construction that each periodic block is some J(/i), 
for jj, some base overlapping with its dual. From Lemma [4.261 we have: 



M 

fJ-- 



: Creating an inert periodic section 
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Lemma 4.52. Let ^ he in periodic block form and suppose it is no longer 
possible to perform the periodic merger ET8 in any of the blocks. Then for 
each base A inside a periodic block J{jJ.) and for any 1 -minimal measure 
we have that: 

• // both A and A lie mstde J(/i) then |A| < 2tr(p). 

• // |A| > 2tr{fi) then A C J{fJ-') for some 7^ fJ-,Ti- 

Definition 4.53. A band whose bases lie in different periodic blocks is 
called a periodic connector. We say a base A C is long w.r.t. fi if 

|A| > 2tr{fi). 

Lemma 4.54. Suppose that J is in periodic block form and has a measure 
m. The the relation ^ on the set of periodic blocks defined as follows: 

• if there is a periodic connector B\ between periodic blocks J(^ii) and 
J(/X2) with A long w.r.t. fii then we set J{ni) ^ J{l-i-2). 

• // J(^ii) < J(m2) and J{n2) "C '^^ wrtte J{^Jii) ~ J(m2)- 
is a partial order. 

This next lemma gives us a criterion if J(/ii) ~ J{^-2). 

Lemma 4.55. Let J(/ii), J(/i2) be periodic blocks with B\ the periodic 
connector giving the equivalence J(/ii) ~ J {1^2)- Let A C J(a'i) and let 
A C J(/J,2)- Let p £ X, let a be a vertical path in B\ going from p to 
p' . Let J{fJ,i) be p-anchored at p and let J(/i2) be p * a-anchored at p' 
(see Defimtion \4-4^ - Then the anchored tubular elements (7(ji,p)p and 
(')'a»2.p')p*q must commute. 

sketch. This follows immediately by the action on T{Pm, In particular 
(7(ji,p)p and (7^2.p')p*a have the same axis by Lemma l4.ll and the fact 
that the connector is Bs has long bases w.r.t. both periodic blocks. □ 

Definition 4.56. Let be in periodic block from. Any partial order 
on the set of periodic blocks is called a periodic hierarchy. If J {pi) ~ J{fJ'2) 
via some hierarchy <c' but the corresponding tubular elements; as given in 
Lemma [4. 551 do not commute, then we say is inadmissible. Otherwise 
•C' is admissible. 

It is clear that there are only finitely many hierarchies definable on J 
in periodic block form: it's enough to decide if the bases of a connector 
are long or not in their respective blocks. This motivates the following 
terminology. 

Definition 4.57. Let J be in periodic block form with an admissible 
hierarchy <g' and let Bg be a connector. A base S is said to be —long 
in J{pi) if Bs induces some J{pi) J{p2)- 

If admits a 1-minimal measure, then the induced hierarchy must be 
one of the finite choices of admissible periodic hierarchies. We now have 
a second periodic merger lemma: 

Lemma 4.58 (Second Periodic Merger for unmeasured band complexes). 

Suppose we have ^ in periodic block form with an admissible periodic 
hierarchy Suppose J{p) ~ J'(A) via some periodic connector Bs. Then 
we can produce finitely many unmeasured band complexes "^i, . . . by 
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collapsing Bs and considering all the possible combinatorial possibilities 
that can arise in making the identifications in J(^i) and J(A). For all 
these new band complexes we have ni{'^£i,xo) = ■ki{'^,xo). Moreover if 
admits a measure m such that T{Pm/^) gives a free splitting then for 
some '^i with induced measure rui we have that T{Pmi , 'if) also gives a 
free splitting. 

Finally we have that any 1-minimal measure m' on "^i induces a 1- 
minimal measure m on by reversing the moves. 

Proof. We wish to perform the identifications given in Lemma 14.141 (i.e. 
the Second Periodic Merging Lemma). Obviously there are only finitely 
many possible combinatorial possibilities that can arise. The rest of the 
statement as well as the invariance of the fundamental group follow im- 
mediately from Lemma [4.141 □ 

Obviously one can immediately follow this move by a periodic merger 
of the first type so that the resulting band complexes have two less bands 
and each periodic block is still some J{fi). This motivates the following 
lemma. 

Lemma 4.59. Performing a second periodic merger, followed by a first 
periodic merger on two inert periodic sections decreases the r-complexity 
by 2. 

Proof. By hypothesis, both sections must contain at least three bases and 
hence have r-complexity at least 1. The second periodic merger causes 
the removal of two base and one section, so this leaves the r-complexity 
unchanged. Moreover the resulting section has at least four bases in it. 
The first periodic merger forces the removal of two bases and therefore 
decreases the r-complexity by 2. □ 

4.6.3 Bounding Periodicity of a maximal periodic block 

Let J C IC^) be in periodic block form with periodic blocks J(/ii), . . . J{fJ-,n) 
And let <C' be some fixed periodic hierarchy. We will now describe an ef- 
fective process to find upper bounds for the periodicity p('^, m,/Xi) of a 
maximal periodic block J(/ii) (as given in the beginning of Section [4.6p 
for any 1-minimal measure on 

Let J(/i) be maximal w.r.t. Using the second periodic merger 

for unmeasured band complexes, as well as the first, we may assume that 
the ^'-maximal block J(/i) is unique in its ~-class, indeed suppose that 
J{fJ.) was merged with some other J(/i') then it is clear after applying the 
first periodic merger that p{'^,m,n) < p{^ ,m, ^") where is the new 
overlapping pair covering both J(^i) and J(/i') so replacing ^ with ^" still 
gives an upper bound. 

If ET8 can no longer be applied, by the maximality assumption it 
follows that every base lying in J(/i) will be short w.r.t. J(/i) for any 
1-minimal measure that gives 

Definition 4.60. Let J(/u) be a ma^cimal periodic block we say: 
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Figure 16: Part of a naked segment on a band. The annulus is obtained by 
cutting the band along the lines f3 and 7. The dotted lines represent part of a 
track, the translation length of the tubular element is 1. 




Figure 17: The image of an arc after performing a Dehn twist in an annulus. 



• if / C is connected and such that each x £ I lies in at least 
three bases and J is maximal in that respect, then 7 is a strongly 
covered segment. 

• if there is a boundary connection c that /i-ties points x and x' in 
J(/i), then if the interval [x,x'] doesn't lie in a strongly covered 
segment then we say that [x, x'] is weakly covered. 

• a connected A'' C J{fJ.) which is maximal in that its intersection with 
strongly and weakly covered segments has empty interior is called a 
naked segment. 

Lemma 4.61. Let m be a 1-minimal measure on ^ in periodic block 
form, with J{fjt) a maximal block that is unique in its class. Then for any 
naked segment N C J{^^) we have 

\N\ < trill) 

Proof. Suppose this was not the case. Let P be the pattern associated to 
m. If J(/i) has a naked segment A*' then this means that the cell complex 
'ta has an embedded annulus with a very particular pattern, see Figure [161 
If |Af| > tr{y?) we can apply a Dehn twist (see Figure [T7|l. Since this Dehn 
twist is actually a homeomorphism of the cell complex, which preserves 
the band complex, all that we have done is produce a new pattern P' 
with Gp(P) = Gp(P'). Moreover this new pattern is still essential. The 
resulting pattern is such that we can get a new measure m' such that 
I -'Vim/ = \N\m — tr{fi). This contradicts 1-minimality. □ 
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Corollary 4.62. Let J(p) he as above and let m be a 1-minimal measure. 
Then 

pC^, m,^l) <2B + C + N' ^ pC^, fi) 

where B is the number of bases lying in J{^), C is the number of boundary 
connections through ^ and N' is the number of naked segments, moreover 
these three numbers in no way depend on the choice of measure. 

Proof. First it is clear that weakly covered segments have length exactly 
ir(/i), moreover all the other bases in J(/i) are short, and therefore have 
length at most 2tr{^), and by Lemma [4. 611 naked segments have length at 
most (/i). Since the length of J(/^) is the sum of the lengths of its strongly 
covered segments, its weakly covered segments and its naked segments the 
result follows. □ 



4.6.4 Computing ^("^1, Ai): auxiliary trees 

Suppose that at some band complex "^i in our elimination tree To ("if) we 
have that the carrier and its dual Ai,Ai form an overlapping pair. We 
wish to compute p{^i, Ai) in order to do this we will need to construct an 
auxiliary tree Taux{'^i, Ai). This tree of band complexes will have conven- 
tional edges corresponding to steps in the normal (restricted) elimination 
process as well as auxiliary edges which will appear in auxiliary subtrees. 

This finite auxiliary tree will have a collection of leaves that are in 
periodic block form with periodic hierarchies such that the periodic block 
corresponding to J(Ai) is maximal. Using CoroUarv 14.621 and taking the 
maximum over all these leaves will give us the bound p{'^i, Ai). 

Convention 4.63. Suppose that at some point the periodic blocks J(/ii) 
and J{iJ.j) are merged, then in subsequent incarnations we will denote the 
resulting periodic block as either J(^i) or J(/ij). 

We now construct the tree Tauxi'ffi, Xi). The construction will be 
inductive. Assume first that we are able to construct auxiliary subtrees 
as in step 4. below. Let "^i and Ai be as above: 

1. For each leaf of the tree Tp(^i) that is in periodic block form and 
for each admissible periodic hierarchy 'ffl we draw an auxiliary edge 
from ^1 to ^i'. 

2. If the periodic block J(Ai) is maximal in '^l then is a leaf. 

3. If the periodic block J(Ai) is not maximal, then we consider the 
restricted elimination process which transfers the bases of "i^i — J(Ai) 
onto J(Ai). 

4. Suppose that in this restricted elimination process there is band 
complex such that the carrier base A2 overlaps with its dual, 
then we construct the auxiliary tree TauxC^i, Ai, A2). This tree will 
be finite and some of its leaves will be in in periodic block form with 
the periodic block J(A2) maximal, using CoroUarv 14.621 and taking 
the maximum over all such leaves gives us a value Paux{'Ta'2, A2) which 
we use to bound the number of times in a row A2 can be carrier. 
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5. By Lemma r4.45l the tree TauxC^i, Ai) is finite. Moreover all its leaves 
that aren't unsuitable are in periodic block form. We set p('^i,Ai) 
to be the maximum taken over all leaves where J(Ai) is a maximal 
periodic block. 

In this construction we see that there are auxiliary subtrees. We de- 
fine the level of a band complex in Tauxi^^i, to be the number of 
auxiliary edges in a path from to "^i . We now explain how to construct 
the auxiliary subtree Taux{'^k, Ai, . . . , Afc): 

1. Suppose we are performing a restricted elimination process in the 
tree Taux{'^k-i, Ai, . . . , Afe-i) and that at the band complex '^k is at 
level k. In particular this is a restricted elimination process where 
we want to move the bases of "^^.i — (J(Ai) U . . . U J[\k-i)) onto 
J(Ai)U. . .UJ(Afe-i), where ^l-i is connected to "-^k-i by an auxiliary 
edge. Suppose that the carrier Afc of % overlaps with its dual. 

2. We start constructing Tauxi'^k, Ai, . . . , Afc) by setting "^k as a root, 
then for each leaf of Tp{'^k) which is in periodic bock form and each 
admissible periodic hierarchy "^fc we draw an auxiliary edge from "^k 

to -^fc. 

3. If any of the periodic blocks J(Ai), . . . , J(Afc) are maximal in "^fc then 
^fc is a leaf. 

4. Otherwise at "^fc we start the restricted elimination process which 
moves the bases of "^fc - ( J(Ai) U . . . U J(Afc)) onto J(Ai)U. . .U J(Afc). 

5. Suppose that in this elimination process we have a band complex 
%.+i such that its carrier Afc+i overlaps with its dual. Then we 
construct the auxiliary tree Taux^i^k+i, Ai, . . . , Afc+i), this tree will 
have leaves in periodic block form where J(Afc+i) a maximal periodic 
block, using Corollarv l4.62l and taking the maximum over such leaves 
gives us a value p'C^k+i, Afc+i). 

6. Assuming the auxiliary subtrees can be constructed. Lemma 14.461 
ensures that the restricted elimination process at level k terminates. 
The leaves that aren't unsuitable consist of band complexes where 
all the bases have been moved onto J(Ai) U . . . U J(Afc). These are 
in periodic block form, moreover one of these periodic blocks must 
be maximal. In all cases we see that we can compute p'('^fc.Afc). 

Lemma 4.64. The level of a vertex m Tana; ("^i, Ai) can never exceed 
r(^). 

Proof. Note on one hand that as we follow any path in Tauxi'T^i, Ai), the 
r— complexity never increases. On the other hand consider a vertex in 
TauxiCj, Ai, . . . Aj) at level j. We are trying to move all the bases onto 
the union of periodic blocks J(Ai) U . . . U J(Aj). Assume first there were 
no periodic mergers, then there are at most j periodic blocks and since 
each periodic section contributes at least 1 to the r-complexity we cannot 
have more than j sections. 

Suppose now that there were some periodic mergers between the pe- 
riodic blocks so that J(Ai) U . . . U J{\j) in fact consisted of only j — k 
blocks. This means that there were k periodic mergers among the J(Ai) U 
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. . . U J(Aj) and by Lemma 14.591 each periodic merger decreases the r- 
complexity by 2. This means that j — k cannot exceed r('if ) — 2k or that 
j < t{'£) -k. □ 



Proposition 4.65. Tauxi!^!,^!) is finite. 

Proof. The proof is by induction on the depth of the auxihary subtrees. 
Suppose first that we create an auxihary tree Taux(Ck, Ai, . . . , Afc) where 
Ck is at level rifto) — 1 and the carrier A^ overlaps with its dual. Then by 
the analysis of Lemma 14.641 the union of the periodic segments J(Ai) U 
. . . U J(Afc-i) "count" for at least t{'^) - 1. In other words r('^fc - J(Ai) U 
. . . U J(Afc_i)) = 1, so at the end of each auxiliary edge originating at % 
we have that the band complex consists exactly of the periodic sections 
J(Ai), . . . , J(Afc). It follows that one of them must be maximal so the tree 
Tauxif^k, Ai, . . . , Afc) is finite by step 3. of the construction. 

Now suppose that all auxiliary trees at level j > n could be con- 
structed, then by step 6. of the construction we have that trees at level n 
can also be constructed. □ 

So we have constructed some tree and have some value for p(^i, Ai). 
All that remains to show is that this bound will work as advertised. 

4.6.5 The bound p{'^i,Xi) works: Induced paths 

Let m be a 1-minimal measure on a band complex as we saw the measure 
m on induces a sequence of band complexes 

'^ = %(m) ^'^i(m) ^ ... 

obtained by applying the appropriate thinning moves or entire transfor- 
mations. '^i(m) has an 1-minimal measure rn{f^i{rn)). This sequence 
corresponds to a path in the elimination tree To('^) 

Definition 4.66. We say band complex ^iirn) is \— special if its carrier 
A overlaps with its dual. 

Given ^i{m) that is special and denoting m'i = m('^i(m)) and d = 
^i(m), the measure m'i induces a path 

^ .^i{m'i) ^2(m-) ^ ^iv(m;) 

where -SSn is in periodic block form and the induced measure m{^N{m'i)) 
on induces a natural periodic hierarchy. For the next construction to 
make sense it is important to recall the construction of Taux. 

Given a 1-minimal measure on a Ai-special band complex ^^i, we 
will construct a tree T"'^^ {f^i,m'i, Ai) we shall construct this tree one edge 
at a time. We will still use Convention 14.631 

1. The root of the tree will be ^i. We draw an auxiliary edge from 

to ,^1 where is the corresponding band complex in periodic 
block form. We say that iMi is at level A. If J(A) is maximal then 
we stop. 

2. Suppose we have constructed n edges of the tree already and that 
the last vertex that was added is We have three separate cases. 



48 



(a) If ^„ is at level (A, Ai(i), . . . , Ai(,i)) and is in periodic block 
form and one of periodic blocks J(A), . . . , J(Ai(„), say J(Ai(j)), 
is maximal; then we backtrack to the Ai(j)-special vertex ^i(j)- 
Now Bj'(j) has a 1-minimal measure induced from and "^i, 
so we do the the restricted elimination process until Ai(j) is 
no longer the carrier. Suppose this takes k entire transforma- 
tions then we have add the vertices ^n+i, ■ ■ ■ , ^n+k to our tree. 
Where S§n+i is connected to ^^(j) by a regular edge and the 
same is true for ^i§n+i, ^n+i+i where i + 1 < fc. Also we had 
that .^i(j) was at level (A, Ai(i), . . . , Ai(j_i)), and the same is 
true for these k new vertices. 

Consider the upper bound for p{£M„, Xiy-)) given by Corollary 
14.621 This bounds the the number of times in a row X^j^ will 
be the carrier base. Suppose this wasn't the case. Then B„ has 
an induced 1-minimal measure m'„, which induces a pattern r. 
Since Ai(j) is a carrier more than p{^M„, Xi(j) times this means 
that there must be naked segments of J{Xnjf that has length 
more than tr(Ai(j)). We can therefore apply a Dehn twist as 
seen in Section [4.6.31 to get another track r' in _B„, this track 
is essential and Gp(r') = {1}, we also see that the induced 
measure m(r') is less than m'„, contradicting 1-minimality. 

(b) If is at level (A, A^f^) , . . . , Ai(,j)), is A'-special and £^„~i is not 
A'-special then ^n+i is the band complex obtained by bringing 
B„ with the induced 1-minimal measure m'„ to periodic block 
form equipped with the induced periodic hierarchy. We connect 
Bn to B„+i via an auxiliary edge. We say -B„+i is at level 

(-^, ^i(i), • • ■ , ^i{n), 

(c) If iiSn is at level (A, A^f^j, . . . , Ai(„)) and doesn't fall into one of 
the previous two cases, then we apply either an entire transfor- 
mation or a thinning move as required in our restricted elimi- 
nation process to obtain the band complex £M„+i, we connect 
£Mn to 3§n+i by a normal edge and say that Bn+i is also at level 

3. Because the tree r""^('^,m^, A) is induced by a measure it will be 
finite, on the other hand the construction only stops once we have 
a band complex in periodic block form with J(A) maximal. As ex- 
plained in (a) above, the bound we get using CoroUarv 14.621 bounds 
the number of times in a row A will be a carrier in the original 
elimination process. 

Proposition 4.67. For any 1-minimal measure m on a X-special hand 
complex The finite tree Taux{'^i,X) contains the tree r""^('^i, m. A). 
In particular pC^f I, A) as computed from Tauxi^ioi, A) bounds the number of 
times in a row A will be the carrier m the elimination process induced by 
m. 

Proof. This follows immediately from the construction of Taux{^^i, X), 
r""^('i^i, m. A), the 1-minimality assumption and Proposition 14.461 □ 
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is Ai-special All bases moved to onto J(Ai) 



A2 is carrier at most p(.5^3, A2) times in a row 



>••• >• >••• >• >••• > 




?2 is A2-special ^ ^ B3 is As-special 

• • • ^ • 



i?3 is in periodic block form, J{Xi) is maximal we compute p(^3, A2) 
Figure 18: An example of ^ Ai). Auxiliary edges are vertical. 



proof of Theorem \3.1\ This follows from Corollary 13.271 Corollary 13.301 
the bounds given in Sections 13.6.11 13.6.21 Proposition 14.461 and Proposi- 
tion [i;!!] □ 



proof of Theorem Follows from Theorem 13.11 □ 
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